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Abstract 
Cosmic rays have different amounts of energy and different origins. In this 

work a literature study has been done of different mechanisms that produce 

cosmic rays with different energies. These different mechanisms are studied 

mostly quantitatively, in particular the Fermi acceleration mechanism that 

produces most of cosmic rays with energies up to 10
15 

eV.  

We also look briefly at the history and measurements of cosmic rays, and 

we have considered consequences of a cosmic neutrino background. If a 

proton hits these neutrinos, neutrons and leptons can be created, but the 

threshold energy value for the proton depends on the neutrino masses. This 

provides a potential method of determining neutrino masses. 
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On the cover page we see air showers which are created by particles coming from 

outer space. The air showers are formed as a result of collisions between these 

particles and air molecules at the top of our atmosphere (see section I.2). 
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Introduction  
Cosmic rays (CR) were discovered in 1912. After their discovery two important questions 

have been raised: 

 

1) What are cosmic rays? 

2) Where do cosmic rays come from? 

 

At present, both questions have only partially been answered. We now know that they are 

(mostly) charged particles coming from outer space and each second thousands of them are 

bombarding every square meter of the earth. In this work we will answer the above questions 

in more detail. 

In the first sections of chapter I we will start answering the above two questions. We will 

see how men slowly came to know the answers to these questions, starting with the discovery 

of cosmic rays. To answer the second question in more detail it is important to categorize the 

cosmic rays into classes of different energy. In chapters III and IV we will argue where the 

different cosmic rays with their specific energies could be coming from and why. In this 

context the Hillas plot (in which the magnetic field is plotted against the radius of outer space 

objects) will also be discussed, since it is an important tool in deciding what the possible 

sources of cosmic rays with a certain energy can be.  

Another important question that will be answered in this work is: 

 

 3) How do cosmic rays obtain their energy? 

 

A lot of models are used to explain how cosmic rays obtain their energy. Some of these 

models are discussed in chapter III. One of the qualitatively well known models is called the 

Fermi mechanism. In this literature study this mechanism is explained in mathematical detail 

in chapter II. In this work we have tried to provide calculations that we have not found in the 

literature as well as the calculations that are provided there in order to give a good survey of 

the mechanism. 

Since the discovery of the cosmic rays, scientists have measured a great number of cosmic 

rays with different energies with detectors all over the world. The number of times that a CR-

particle (with a certain energy) has been measured, is plotted against the energy which the 

CR-particle has. This spectrum with the flux plotted against energy has resulted into a famous 

spectrum (see Figure I.1) which we call the CR-energy spectrum. There is a theory which 

says that the cosmic rays we detect have a certain upper limit for their energy called the GZK 

cutoff at 19~ 10  eV . The calculation of the GZK cut off has been carried out in chapter IV. 

Some particles have been measured however with an energy far greater than 19~ 10  eV . These 

cosmic rays with an energy of 20~ 10  eV  and higher are called Ultra High Energy Cosmic 

Rays (UHECR).  

 These UHECR made scientists wonder how they can obtain such high energies and where 

they could be coming from. One of the important questions in this work will thus be:  

 

 4) How do UHECR obtain their energy and where do they come from? 

 

This fourth question is in fact a subquestion of questions 2) and 3). In this work we will 

address the four questions above. In fact all questions have got to do with the CR-energy 

spectrum. So the biggest aim of this work can also be formulated in the following way: we try 

to understand where the cosmic rays with the different energies come from and how they 
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obtain their energy. During this investigation we will discuss the energizing mechanisms and 

the energy limits of cosmic rays. Finally we will try to understand the shape of the CR-energy 

spectrum.  

To summarize: the main part of this work is: understanding the Fermi mechanism in a 

quantitative way and to gather pieces in the literature to address the 4 thesis questions.  

In the last chapter we will assume (following a suggestion by J.W. van Holten) that a 

cosmic neutrino background exists. Then we will investigate how much energy a proton needs 

(the threshold energy value of the proton) to create a neutron and a lepton after striking the 

cosmic neutrino background. We will also investigate how the threshold energy value of the 

proton depends on the neutrino mass and what conclusions can be drawn from this. 

As a final note we want to say that there is a more extended version of this work with 

more steps in between the formulas. In this work these steps are left out so that it is more 

“comprehensive”. 
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I General information about Cosmic Rays 
Today, at the beginning of the 21

st
 century, a lot is known about molecules and atoms, but 

also about relatively new subatomic particles and other exotic particles. This is in part due to 

the discovery of cosmic rays, for this has been the kick off for a large number of other 

discoveries of new particles that followed. In this chapter the discovery of cosmic rays will be 

discussed as well as the progress in this field like for example the discovery and 

understanding of air showers [2,12]. 

 

I.1 Discovery of cosmic rays 

The old Greeks already had some idea of what the world was made of. They thought that 

everything was made of molecules; the molecules were made of atoms and that is the whole 

story. In other words: they believed that atoms are the most elementary particles which 

themselves are indivisible. For a long time people believed this to be true, but in 1900 

Becquerel and collaborators discovered radioactivity; this fact (i.e. some atoms radiate) made 

him draw the conclusion that atoms must consist of more elementary particles after all. It is 

interesting to know how radioactivity was discovered because the discovery of cosmic rays is 

closely related to this.  

In the time Becquerel lived there was already an apparatus with which one can measure 

electric charges: the electroscope. Holding the electroscope near “normal” atoms it hardly 

discharged, but if he held the electroscope near certain “special” atoms, it discharged 

immediately. He concluded that those atoms must be emitting charged particles and he called 

this phenomenon radioactivity. 

Before Becquerel’s discovery it was already noticed that an electroscope discharged 

automatically after a while; after the discovery of radioactive material it was noticed that even 

far away from radioactive material the electroscope still discharged, although more slowly. 

This phenomenon led to the conclusion that there must be some kind of background radiation. 

Theodor Wulf considered this was an interesting phenomenon, so he made a very 

sensitive electroscope and compared its discharging time at different altitudes. If the radiation 

would come from the earth itself, the discharging time of the electroscope near the earth had 

to be smaller than its discharging time at high altitudes. It turned out that when he measured 

in an underground cave the discharging time was greater than on the Eiffel tower. He 

concluded that the hypothesis was wrong and that the radiation did not come from the earth 

itself, but probably from above the atmosphere. 

Victor Hess started to investigate this supposition in a systematic way. In 1912 he 

borrowed one of Wulf’s electroscopes and went up in the sky, in an air-balloon, to measure 

the discharging time of the electroscope as a function of altitude. The measurements told him 

that the discharging time became systematically smaller at higher altitudes. So he concluded 

that the radiation came from outer space indeed, this is the reason why he called it “cosmic 

rays”. Although later it became clear that the radiation mainly consists out of particles, we 

still refer to it as cosmic rays. We now know that the biggest part of cosmic rays (about 86%) 

consists of protons. Almost 11% consists of helium nuclei (alpha particles), 2% consists of 

electrons and 1% consists of nuclei of heavy atoms and gamma radiation (which is the high 

energy form of X-rays).  
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I.2 Measurements on cosmic rays and discovery of air showers 

After the discovery of cosmic rays scientists of course wanted to investigate them more 

and more thoroughly. Today we know the flux of CR particles reasonably well. For example 

about ten CR-particles with energies between 10
9 

and 10
10 

eV are detected per minute on an 

area of one square centimeter. Although the individual energy of the CR-particles is high 

compared to similar particles on earth, their total energy flow is small: at this detection rate 

the energy that is accumulated per hour is comparable to the energy that is received by star 

light per minute. If the cosmic rays have higher energies they are even more rarely detected, 

so to acquire enough data one would need huge detectors, preferably at high altitudes. This is 

of course more easily said than done, but fortunately Pierre Auger and some of his colleagues 

made a discovery that solved this problem.  

They discovered, using small detectors, that if you put some of the detectors far apart 

from each other, you often measure in the different detectors, in-flying particles at the same 

time (in coincidence). The conclusion they drew from this was that cosmic rays coming from 

outer space (primary particles) probably collide with air particles such that new particles 

(secondary particles) are created and fly towards the earth in different directions. This would 

be the reason for the coincidence measurements Auger had noticed, because the secondary 

particles would reach different spots of the earth at the same time. After further investigation 

this idea was confirmed. When the secondary particles also collide with air molecules and 

produce again new particles you get an extended “shower” of particles; that is the reason why 

these phenomena are called “air showers”. The great advantage of the discovery of air 

showers is that huge detectors are not necessary to acquire enough data, but small detectors 

placed at a distance from each other suffice. Of course it is also important that it was 

discovered that the particles measured on earth are mostly secondary particles and not primary 

particles. 

In order to get more insight in the structure of air showers there was a need to understand 

the dynamics of particles when they collide unto each other with high velocities. Therefore 

large accelerators have been built; in here charged particles are accelerated by different 

voltages that are applied to them. When they have accumulated enough energy they are made 

to collide unto each other. The dynamics of the particles have been studied and the acquired 

knowledge is used to understand the air showers. Nowadays they are well understood and can 

be simulated with therefore designed computer programs. High in our atmosphere (10-50 km) 

the cosmic rays will collide with air molecules, producing new particles (first pion decay, 

after that muon decay). 

An array of small detectors can detect a large proportion of the end of the air shower and 

the angle can be determined to see from what direction the primary particle came. Since 

charged particles get deflected in a magnetic field it is hard to determine the exact direction of 

the primary particle though, especially when the particle has got a low energy. Particles with a 

lot of energy have a big gyroradius (see section IV.3) so they will not get deflected very much 

in a magnetic field.  

 

 

I.3 The CR-energy spectrum 

Because air showers are well understood, the energy of the primary particles can be 

determined by studying their products (the secondary particles) in the air showers. Since not 

the whole shower is studied, there is an uncertainty in determining the energy of the primary 

particle of typically ~30%. 

For every energy value of the cosmic rays it has been recorded how often we measure 

them per unit area and the result is displayed in the CR-energy spectrum in Figure I.1. So in 
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short: we can see in Figure I.1 the flux plotted against the energy of the cosmic rays. Let us 

now interpret the spectrum: it is clear that CR-particles with a high energy are less frequently 

detected than CR-particles with a lower energy. To be concrete: a CR-particle with an energy 

of 10
11

 eV is detected every second per square meter but a CR-particle with an energy of 

about 10
19

 eV is only detected once in a year per square kilometer. The part of the CR-energy 

spectrum around ~10
15

 eV is called “the knee” and the part at ~10
19

 eV is called “the ankle”, 

for the spectrum has got the resemblance of a leg.  

The cosmic rays up till the knee probably mainly obtain their energy through the Fermi 

mechanism which is explained in the next chapter. The CR between the knee and the ankle 

obtain their energy through a different mechanism: the slope is namely different. This means 

that suddenly the rate at which we detect the cosmic rays change. This is not because the 

particles are stopped by the cosmic microwave background, because this happens at 
196 10  eV⋅  

1
 (see section IV.2). Since most of our galaxy is vacuum there is a small 

probability that from energies ~10
15

 eV cosmic rays start colliding with certain great clouds of 

particles that we have not noticed yet. The most realistic claim is that at energies higher than 

the knee ~10
15

 eV  there is an other acceleration mechanism at work. Some of the possible 

mechanisms are discussed in chapter III. 

 

 
Figure I.1 The CR-energy spectrum. 

                                                 
1
 In this work we use the “dot notation” in stead of the “cross notation”. So we write 

196 10  eV⋅  in stead of 
196 10  eV× . 
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One of the reasons that scientists are still so interested in cosmic rays after all these years 

is that some of the particles (the UHECR) have a huge amount of energy in the order of 10
20 

eV and higher. This can be compared with the energy it costs to lift a mass of five kilos a 

meter high. It is amazing that these small particles have such high energy. Some of the cosmic 

rays with not so much energy are coming from the sun or from stars in our universe. It is not 

known for sure however, where the UHECR are coming from and how they are accelerated.  

We will not right away give possible reasons for the existence of UHECR, but in the next 

chapter we will start with discussing a model that explains how the “normal” cosmic rays 

obtain their energy. 

 

 

I.4 Special relativity and air showers 

It is interesting on its own to study cosmic rays and to gain information about their origin, 

their amount of energy, their detection rate, etc. A great advantage is that this study also led to 

the discovery of new particles. There are more advantages however: new theories can also be 

tested with it. For example the theory of special relativity can be nicely illustrated with air 

showers: muons have a short life time, so one can calculate that it is not possible for them to 

reach the earth if they are created in an air shower at high altitude. However they are still 

measured on earth. The explanation that the theory of special relativity offers is that a time 

interval in the proper time of the muon τ∆  appears greater to someone on earth (time 

dilation). If we call the time interval of the person on earth ,t∆ then we can relate the two time 

intervals as follows:  

 

2 2/ 1 / .t v cτ∆ = ∆ −                                           (I.4.1) 

 

Here v stands for the speed of the muon and c is the speed of light. From (I.4.1) we see that 

the faster a particle goes, the ‘longer’ it appears to live to someone on earth and hence the 

further it can go. To be concrete: imagine a muon that moves with a speed of 0.99 .c  Muons 

have a life time of 2.2 sµ ; since classically t τ∆ = ∆ , the muon can travel classically a 

distance x∆  given by  

 
20.99 2.2 6.5 10x v t c s mµ∆ = ⋅∆ = ⋅ = ⋅ . 

 

If the muon would be created in an air shower high in the earth’s atmosphere (say at 2 

kilometers height) it would not even reach the earth, but still we measure muons on earth! 

Special relativity allows us to use (I.4.1) hence the distance the muon can cover is because of 

time dilation: 

 

2 2 3/ 1 / 2.2 0.99 / 0.14 4.7 10x t v v v c s c mτ µ∆ = ∆ ⋅ = ∆ ⋅ − = ⋅ = ⋅ . 

 

Now we see that it is possible for fast muons to reach the earth. So this is a confirmation that 

the theory of special relativity works. 
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II Fermi mechanism 
One of the important questions in this work is: “How do cosmic rays obtain their energy?” 

We will see that cosmic rays in general get accelerated by different mechanisms so in this 

chapter we will not give the full answer to this question. It will even turn out that not only 

cosmic rays in different energy regions get accelerated in different ways, but for each energy 

region there may be different acceleration mechanisms at work as well. So it can be for 

example that cosmic rays of energy 10
12 

– 10
14

 eV get accelerated by acceleration 

mechanisms A and B and that cosmic rays of energy 10
15 

– 10
17

 get accelerated by 

acceleration mechanisms B and C. In the end we will see that in this chapter we are answering 

the question: “How do cosmic rays with an energy of 10
9 

– 10
15

 eV mostly obtain their 

energy?” To answer this question we need a good model. One of the qualitatively well known 

models is called the Fermi mechanism. It basically explains how cosmic rays can gain energy 

by encounters with inhomogeneous magnetic fields. The 1
st
 and 2

nd
 order Fermi acceleration 

mechanisms describe two different ways in which a CR-particle can gain energy by these 

encounters. 1
st
 order Fermi acceleration turns out to be more efficient in providing cosmic 

rays with energy than 2
nd

 order acceleration. 1
st
 order Fermi acceleration can explain how 

cosmic rays in the energy region 10
9
 – 10

15
 eV obtain their energy.  

In this chapter we will discuss the Fermi mechanism in a quantitative way. Section II.1 

deals with the general principle behind the Fermi mechanism [4], but it leaves out the details 

of energy gains by 1
st
 and 2

nd
 order acceleration. In part 1 and 2 of section II.2 we look at a 

simplified version of Fermi’s 2
nd

 and 1
st
 order acceleration mechanism respectively, to see in 

a quick and transparent way how cosmic rays can gain an amount of energy E∆  by collisions 

[5]. The average relative energy gain 
E

E

∆
 calculated with this method turns out to be a good 

approximation of the average relative energy gain, calculated with Fermi’s real 1
st
 and 2

nd
 

order mechanisms, discussed in section II.3 [4]. 

In section II.4 we will combine the analysis of the Fermi mechanism from section II.1 

with the values for 
E

E

∆
, calculated with the real 1

st
 and 2

nd
 order Fermi acceleration 

mechanism in section II.3. At the end of the section II.4 we will be able to say something 

about the shape of the CR-energy spectrum. Finally in section II.5 we can calculate the 

maximal obtainable energy for cosmic rays accelerated by Fermi’s 1
st
 order acceleration 

mechanism. 

 

II.1 Basics of Fermi mechanism 

The Fermi mechanism explains how charged CR-particles can gain energy by (many) 

encounters with inhomogeneous magnetic fields. The definition of “encounter” depends on 

the setting (1
st
 or 2

nd
 order acceleration) so this will be made precise later. For the moment we 

can think of it as elastic collisions with magnetized plasmas that move through outer space.  

With each encounter a part of the plasma’s kinetic energy is transferred to the CR-particle. 

If the CR-particle initial energy is 0E  and with each encounter it gains an amount of energy 

equal to 0Eε , its total energy after n  encounters will be equal to  

 

( )0
1 .

n

n
E E ε= +                                              (II.1.1) 

 

If we want to know how many encounters are needed to reach a certain energy E  we need 

to solve ( )0
1

n
E E ε= +  for n : 
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( ) ( )0ln ln 1 .n E E ε= +                                             (II.1.2) 

 

There is a certain probability 
esc

P  for the CR-particle to leave the magnetized plasma. The 

probability that it has not left the plasma after n  encounters is equal to ( )1
n

esc
P− . In other 

words: the probability that a CR-particle escapes the plasma after having gained an amount of 

energy greater or equal to E  is 

 

( ) ( )( ) ( )1
1 ,

n

m esc

esc

m n esc

P
P energy E P

P

∞

=

−
≥ = − =∑                                          (II.1.3) 

 

with n given by (II.1.2). The second equality follows from the fact that the second term is a 

geometric series. If we substitute (II.1.2) in (II.1.3) we get 

 

( ) ( ) ( ) ( )0ln ln 1
1

.

E E

esc

esc

P
P energy E

P

ε+
−

≥ =                                                   (II.1.4) 

 

See appendix VII.1 to see that this is the same as:  

 

( ) ( )0
,

esc

E E
P energy E

P

γ−

≥ =                                                     (II.1.5) 

 

with γ  defined by ( ) ( )ln 1 ln 1 .escPγ ε= − − +  Note that γ  is dimensionless since 
esc

P  and ε  

are just numbers. We can approximate γ  by using the Taylor formula ( )
1

ln 1
x

x x
<<

+ ≈ , 

neglecting terms of order 2( )O x : 

 

( ) ( )ln 1 ln 1 .escP

escP εγ ε= − − + ≈                                                    (II.1.6) 

 

This can be done since 1
esc

P <<  and 1ε << . With equations (II.1.5) and (II.1.6) we can say 

useful things about a.o. the energy limit of the cosmic rays, but before we can arrive at the 

explicit expressions for 
esc

P  and ε  we need the theory that is described in the following two 

sections. So we postpone the discussion until section II.4. In the following ε  is equal to the 

average relative energy gain 
E

E

∆
, this is clear if one looks at equation (II.1.1). 

 

 

II.2 Fermi´s 1st and 2nd order acceleration mechanism approximated 

Part 1 
Fermi’s 2

nd
 order acceleration mechanism explains how CR-particles can gain energy by 

encounters with an interstellar gas cloud which is partially ionized. In the case of Fermi’s 2
nd

 

order acceleration mechanism we mean by an encounter: the process of a CR-particle going in 

and out a partially ionized cloud/plasma in which it scatters collisionlessly off the 

irregularities in the magnetic field. In this way there is no collisional energy loss and part of 

the kinetical energy of the moving cloud is transferred to the CR-particle; the easiest way to 
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see that cosmic rays do gain energy in this way is shown in the following one dimensional 

example.  

We first look at an encounter in which a CR-particle and a gas cloud are moving in 

opposite direction and after that at an encounter where they move in the same direction, see 

Figure II.1. We first calculate the energy gain (or loss) in both cases, then average the two 

values and finally calculate the average relative energy gain.  

Consider a CR-particle moving to the right with a speed v and a gas cloud moving to the 

left with a speed V, see Figure II.1 (a). The CR-particle’s energy initially is 21
1 2

iE mv= . If the 

CR-particle scatters elastically of the gas cloud to the left, its final energy will be equal 

to 21
1 2

( )fE m v V= + . Thus its energy gain will be equal to:  

 

( ) ( )2 2 21 1 1
1 2 2 2

2 .E m v V mv m vV V∆ = + − = +                   (II.2.1) 

 

 
 
Figure II.1 (a) A CR-particle moving with speed v collides with a gas cloud that moves towards it with speed V. 

          (b) A CR-particle moving with speed v collides with a gas cloud that moves away from it with speed V< v . 

 

When the CR-particle and the gas cloud move with the same speed as before, but now in 

the same direction with v V>  (see Figure II.1 (b)). The CR-particle’s energy is initially 

again 21
2 2

iE mv= , if the CR-particle flies into the gas cloud, its final energy will be equal 

to 21
2 2

( )fE m v V= − . So, because of the decrease in speed, it will have an energy loss given by 

 

( ) ( )2 2 21 1 1
2 2 2 2

2 .E m v V mv m vV V∆ = − − = − +                        (II.2.2) 

 

The average energy gain 1 2

2

E E
E

∆ +∆∆ =  of the CR-particle is positive, however: 

 

( ) ( )2 21 1
2 2 21

2

2 2
.

2

m vV V m vV V
E mV

+ + − +
∆ = =                (II.2.3) 

 

The average relative energy gain is thus given by 

 
2 21

2

2 21
2

.
E mV V

E mv v

∆
= =                       (II.2.4) 

 

As said before this average relative energy gain turns out to be a good approximation for the 

more general result which is obtained by taking scattering angles and relativistic velocities 

into account as we shall see in section II.3.  

Note that this relative energy gain is quadratic in the cloud speed; that is the reason why 

this acceleration mechanism is called Fermi’s 2
nd

 order acceleration mechanism. Another 
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reason why it is called 2
nd 

order is that the CR-particle can gain energy if it moves in the 

opposite direction as the cloud and it can loose energy if it moves in the same direction as the 

cloud. We shall see that in Fermi’s 1
st
 order mechanism a CR-particle can only gain energy.  

 

Part 2 
When a star explodes it will emit an amount of material, this material that propagates 

through space is an example of a shock front. Fermi’s 1
st
 order acceleration mechanism 

explains how CR-particles can gain energy by encounters with such a shock front. In the case 

of Fermi’s 1
st
 order acceleration mechanism we mean by an encounter: the process of a CR-

particle going collisionlessly back and forth across a shock front because of the magnetic field 

that is present behind the shock front see Figure II.2. The idea is that the configuration of the 

magnetic field at the shock front is responsible for the CR-particle having a lot of encounters 

with the shock front, thus gaining a lot of energy. To see in a quick way how CR-particles can 

gain energy by encounters with a shock front we will look at the following one dimensional 

example.  

Consider a shock front that moves to the left with a speed 
1

V  and gas that is streaming 

from the shock front (the downstream) to the right with a speed 
2 1

V V< . The speed of the 

downstream in its own laboratory frame is then 
1 2

V V−  (see Figure II.2).  

 

 
Figure II.2 A CR-particle moves towards a (gas emitting) shock front that approaches the CR-particle. The gas 

that is ejected to the right with a speed 
2 1

V V<  has a laboratory speed of 
1 2

V V−  to the left.   

 

If a CR-particle moves towards the shock front with a speed v  (and thus with an initial 

energy 21
2

E mv= ) and it is elastically reflected to the left it will end up with a speed 

1 2
( )v V V+ − . Its energy gain will be: 

 

( ) ( )2 2 21 1 1
1 2 1 2 1 22 2 2

( ) 2 ( ) ( ) .E m v V V mv m v V V V V∆ = + − − = − + −              (II.2.5) 

 

We assume that the speed of the CR-particle is much greater than the speed of both the 

shock front and the downstream (i.e. 
1 2
,v V V>> ). The average relative energy gain is thus: 

 

( ) ( )
1 2

21
1 2 1 22 1 2

21
,2

2 ( ) ( ) 2
.

v V V

m v V V V VE V V

E mv v>>

− + −∆ −
= ≈                         (II.2.6) 

 

We have not looked at the case where the CR-particle is coming from the right (the 

downstream) because in a shock wave the downstream is moving slower than the upstream 

and since we have in mind that this shock has started at a supernova and thus is an envelope 

around the star, it is very unlikely that a CR-particle enters the shock front from the 

downstream side.  
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This relative energy gain for a CR-particle colliding with a shock front turns out to be a 

good approximation of Fermi’s 1
st
 order acceleration mechanism. Note that it is linear in the 

speed of the receding gas ( )1 2V V−  in contrast to the quadratic behavior in the 2
nd

 order Fermi 

acceleration as seen in (II.2.4). 

Since we now have an idea of 1
st
 and 2

nd
 order Fermi acceleration we can investigate it in 

a more general setting and in more mathematical detail. 

 

 

II.3 Fermi´s 1st and 2nd order acceleration mechanism 

Part 1 

In this part we will calculate the relative energy gain of the CR-particle looking at Fermi’s 

real 2
nd

 order acceleration mechanism. We use a more general approach with which we derive 

a general expression for the energy gain as a function of the scattering angles, see formula 

(II.3.9) below. This more general approach for 2
nd

 order Fermi acceleration mechanism says 

the following: consider a CR-particle flying into a partially ionized gas cloud. The velocities 

of the partially ionized gas cloud and the CR-particle are V
�

and v
�

 respectively (their speeds 

are denoted as usual by V and v). The incoming CR-particle flies into the gas cloud with 

energy 
1

E  and momentum 
1

p
�
 making an angle 

1
θ  with the cloud’s velocity vector V

�
, see 

Figure II.3.   

 
Figure II.3 A CR-particle (energy E1 and momentum

1
p
�

) enters a gas cloud making an angle 1θ  with the clouds 

velocity vector V
�

and leaves the gas cloud with energy E2 and momentum 2p
�

 at an angle 2θ . 

 

Inside the gas cloud the CR-particle scatters “collisionlessly” off the irregularities in the 

magnetic field (because the gas cloud is partially ionized). It leaves the gas cloud with energy 

2E  and momentum 2p
�

 at an angle 2θ .  

 

Definition 

The angles 1θ  and 2θ  in Figure II.3 are determined by the angle which the momentum 

vector p
�

 makes when you rotate it clockwise until it points in the direction of V
�

.  

  

We assume that the gas cloud is moving with a speed that is much lower than the speed of 

light c, so V c<< . We also assume that the CR-particle is relativistic so v c≈ and hence the 

relation between energy E and momentum p 

 
2 2 4 2 4E p c m c= +
�

                           (II.3.1) 
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simplifies to
2
: 

 
1c

E pc p
=

≈ =                             (II.3.2) 

 

To obtain the energy gain of the CR-particle we apply a Lorentz transformation between 

the (primed) Gas Cloud Frame (GCF) and the (unprimed) CR-particle Frame (CRF). The CR-

particle has a velocity v V−
��

 with respect to the GCF, because in the GCF it looks like the 

CR-particle is going in the opposite direction than is seen in the CRF. This gives rise to an 

additional momentum 
V

p−

�
of the CR-particle, hence its total momentum as measured in the 

GCF is given by 

 

( )1 1 ,Vp p pγ −′ = +
� � �

                           (II.3.3) 

 

where γ  is given by the Lorentz factor
2

21 1 V

c
γ ≡ − . The additional momentum 

V
p−

�
 (in 

equation (II.3.3)) is equal to the horizontal part of 1p−
�

 scaled by a factor of V
c

β ≡ : 

 

1 1cos .Vp p β θ− = −
� �

                                               (II.3.4) 

 

So combining (II.3.3) and (II.3.4) we get the total momentum of the CR-particle as measured 

in the GCF: 

 

( )1 1 11 cos .p pγ β θ′ = −
� �

                          (II.3.5) 

 

Because of (II.3.2) we can rewrite (II.3.5) as: 

 

( )1 1 11 cos .E Eγ β θ′ = −                                     (II.3.6) 

 

If we look at the final energy 2E  of the CR-particle in the CRF we get by a similar 

calculation: 

 

( )2 2 21 cos .E Eγ β θ′ ′= +                                     (II.3.7) 

 

As said before, the scattering off the magnetic irregularities is collisionless so 1 2E E′ ′= . In 

the CRF however we do not know apriori whether 1E  equals 2E  or not, so let us denote the 

difference by 2 1E E E∆ = −  and the initial energy 1E  by E. With (II.3.6) and (II.3.7) we can 

then calculate the relative energy gain: 

 

( ) ( )( )
( )( )

2 2 1 12 1

1 1 1

1 cos 1 cos
.

1 cos

E EE EE

E E E

γ β θ γ β θ

γ β θ

′ ′ ′+ − −−∆
= =

′ −
                        (II.3.8) 

 

If we simplify this expression using 1 2E E′ ′=  and 2
1 1γ β≡ −  we get 

                                                 
2
 See appendix VII.3 for the explanation of both (II.3.1) and (II.3.2). 
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2

1 2 1 2

2

1 cos cos cos cos
1.

1

E

E

β θ β θ β θ θ
β
′ ′− + −∆

= −
−

                         (II.3.9) 

 

To obtain the average energy gain we need to get the average values for 1cosθ  and 2cosθ ′ . 

The CR-particle scatters a lot of times inside the cloud off the irregularities, so its scattering 

angle 2θ ′  is randomized, hence the average value for 2cosθ ′  in 2
nd 

order Fermi acceleration is 

2 2
cos 0θ ′ =  (The sub-2 after the bracket indicates that we talk about 2

nd 
order Fermi 

acceleration, in part 2 of this section we will replace it by sub-1). More formally one could 

argue that first of all the probability per unit solid angle that a CR-particle leaves the cloud 

under an angle 2θ  is the same for each angle 2θ . In other words 

 

2

constant .
dP

k
d

= =
Ω

                 (II.3.10) 

 

where 2Ω  is the solid angle. The definition of solid angle in 3
ℝ  is cosd d dθ ϕΩ =  with 

1 cos 1θ− ≤ ≤  and 0 2ϕ π≤ <  but since we are working in 2
ℝ  the definition of solid angle 

simplifies to cosd d θΩ =  with 1 cos 1θ− ≤ ≤ . To calculate 2 2
cosθ ′  we use the following 

formula 

 

2 2 2 22
2 2

cos cos .
dP dP

d d
d d

θ θ
   

′ ′= Ω Ω   Ω Ω   
∫ ∫              (II.3.11) 

 

In (II.3.11) we can substitute 2/dP d kΩ =  and 2 2cosd d θ ′Ω =  with 21 cos 1θ ′− ≤ ≤  because 

the CR-particle can leave the cloud in any direction (i.e. 20 2θ π′≤ ≤ ): 

 

[ ]
2

1 1

1
22 2 cos

21 1 1
2 1 1 12

1
2

1 1

cos cos

cos 0

cos

kx
k d kxdx

x

kx
kd kdx

θ
θ θ

θ
θ

′=
− − −

−

− −

′ ′
  ′ = = = =

′

∫ ∫

∫ ∫
            (II.3.12) 

 

Using this fact that 2 2
cos 0θ ′ = , the angular dependent relative energy gain in (II.3.9) 

becomes  

 

1 2

2

1 cos
1.

1

E

E

β θ

β

−∆
= −

−
                               (II.3.13) 

 

The average value of 1cosθ  depends on the rate at which CR-particles collide with the cloud 

at different angles. The rate of incoming CR-particles is proportional to the relative velocity 

between the cloud and the CR-particle so the probability of having an inflying CR-particle per 

unit solid angle is proportional to ( )1cosv V θ−  [4]. Hence for ultra relativistic particles 

( )v c=  we obtain after dividing by c:    
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( )1

1

1 cos
dP

d
β θ∝ −

Ω
                                   (II.3.14) 

 

The average value of 1cosθ  is obtained by calculating: 

 

1 1 1 12
1 1

cos cos
dP dP

d d
d d

θ θ
   

= Ω Ω   Ω Ω   
∫ ∫              (II.3.15) 

 

Using (II.3.14) and the definition of solid angle where 11 cos 1θ− ≤ ≤  because the CR-particle 

can enter the cloud in any direction (i.e. 10 2θ π≤ ≤ ): 

 

( )

( )

( )

( )

1

1 1

1
2 311 1 1 cos

2 31 1 1
1 1 1 12 2

2 11 1

1 1

cos (1 cos ) cos (1 )

cos .
3

1 cos cos 1

x
d x x dx

x x

x xd x dx

β
θ

β

θ β θ θ β
β

θ
β θ θ β

=
− − −

−

− −

− −  − − = = = =
 − − −

∫ ∫

∫ ∫
(II.3.16) 

 

Using this result, the average relative energy gain in (II.3.13) can be further rewritten to: 

 

( )2 22
2

2 2 1

1 3 11 3 4
1 .

1 1 3

E

E β

β ββ
β

β β <<

+ − −∆ +
= − = ≈

− −
                        (II.3.17) 

 

We have assumed 1β <<  since V c<<  and V
c

β ≡ . This relative energy gain is indeed 

quadratic in the cloud velocity as expected by the simple model of the last section; the 

similarity can be seen from (II.2.4) which basically said (since v c≈  now) 2.E
E

β∆ ≈  So the 

rough estimate is only wrong by a factor 4 / 3 . Since we have taken account now of scattering 

angles and relativistic velocities, this result is of course more accurate. Let us now see how 

good our estimate in (II.2.6) is for 1
st
 order Fermi acceleration. 

 

(The sub-2 after the bracket indicates that we talk about 2
nd 

order Fermi acceleration, in part 2 

of this section we will replace it by sub-1). 

 

Part 2 

The picture we need for 1
st
 order Fermi acceleration is the following: consider a CR-

particle with velocity v
�

 flying from the upstream of a shock front (with velocity 1V
�

,) to its 

downstream (with angle 1θ ). After scattering collisionlessly in the downstream region it 

comes back to the upstream region (with angle 2θ ) and the cycle repeats itself.  

If gas is receding from the shock front with velocity 2V
�

 (in the direction opposite to the 

motion of the shockfront) we can denote the laboratory speed of the receding gas by 

1 2V V V≡ − . Having made these definitions the relation between relative energy gain and 

scattering angles in (II.3.9)  
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2

1 2 1 2

2

1 cos cos cos cos
1

1

E

E

β θ β θ β θ θ
β
′ ′− + −∆

= −
−

                         (II.3.9) 

 

also holds for the 2
nd

 order Fermi acceleration. Now β  is given by 1 2V VV
c c

β −≡ ≡ . Again the 

Gas Cloud Frame is primed and the CR-particle Frame is unprimed. 

To obtain the relative energy gain 
E

E

∆
 we need to average again over 1cosθ  and 2cosθ ′ . Since 

we are now looking at 1
st
 order Fermi acceleration we denote their averages with the sub-1 

notation: 1 1
cosθ  and 2 1

cosθ ′  respectively. 

In a shock wave the downstream is moving slower than the upstream and since we have in 

mind that this shock has started at a supernova and thus is an envelope around the star, it is 

very unlikely that a CR-particle enters the shock front from the downstream side. This is why 
3

12 2
π πθ≤ ≤  and thus 11 cos 0θ− ≤ ≤  in the following. Here 1θ  is measured with respect to 1V

�
 

in Figure II.4 as usual. 

Because of the configuration of the magnetic field the CR-particle moves back and forth 

across the shock front. The more often this happens the greater the efficiency of the 

acceleration cycle and the greater the energy gain for the CR-particle. Since the CR-particle 

moves from downstream to upstream we know 22 2
π πθ ′− ≤ ≤  and thus 20 cos 1θ ′≤ ≤ .  

The probability of having an encounter per unit solid angle 2cosθ ′  is proportional to 

2cosθ ′ , so: 

 

( )2

2

cos .
dP

d
θ ′∝

Ω
                                   (II.3.18) 

 

The average value of 2cosθ ′  is obtained by calculating: 

 

2 2 2 21
2 2

cos cos
dP dP

d d
d d

θ θ
   

′ ′= Ω Ω   Ω Ω   
∫ ∫                               (II.3.19) 

 

Using (II.3.18) and the definition of solid angle where 20 cos 1θ ′≤ ≤  (II.3.19) becomes: 

 

2

1 1

2 2
1

312 2 cos
30 0 0

2 1 1 11 21
2 02 2

0 0

cos cos
2

cos
3

cos cos

x
d x dx

x

xd xdx

θ
θ θ

θ
θ θ

′=
′ ′

  ′ = = = =
 ′ ′  

∫ ∫

∫ ∫
                   (II.3.20) 

 

This is called the projection of an isotropic flux unto a plane. Using the fact that 

2 1
cos 2 / 3θ ′ = , the angular dependent relative energy gain in (II.3.9) becomes 

 
22 2

1 13 31 1

2

1 cos cos
1.

1

E

E

β θ β β θ

β

− + −∆
= −

−
                           (II.3.21) 
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Figure II.4 A CR- particle (speed v) flies into a shock front (speed 1V ) making an angle 1θ  with its velocity 

vector, and flies out under an angle 2θ . The receding gas has a velocity 2 1V V< . 

 

Now we still have to average over 1cosθ , the probability of having an encounter per unit solid 

angle 1cosθ  proportional to 1cosθ , in other words: 

 

( )1

1

cos .
dP

d
θ∝

Ω
                                   (II.3.22) 

 

The average value of 1cosθ  is obtained by calculating: 

 

1 1 1 11
1 1

cos cos .
dP dP

d d
d d

θ θ
   

= Ω Ω   Ω Ω   
∫ ∫                                (II.3.23) 

 

Using (II.3.22) and the definition of solid angle where 11 cos 0θ− ≤ ≤ , (II.3.23) becomes: 

 

1

0 0

2 2
0

311 1 cos
31 1 1

1 0 0 01 21
2 11 1

1 1

cos cos
2

cos
3

cos cos

x
d x dx

x

xd xdx

θ
θ θ

θ
θ θ

=
− − −

−

− −

  − = = = =
  

∫ ∫

∫ ∫
                  (II.3.24) 

 

Using this fact that 1 1
cos 2 / 3θ = −  the relative energy gain in (II.3.21) becomes: 

 

24 4
3 9 1 24 4

3 32 1

1
1 .

1

E V V

E cβ

β β
β

β <<

∆ + + −
= − ≈ =

−
                            (II.3.25) 

 

We have assumed 1β << , since V c<<  and V
c

β ≡ . This relative energy gain is indeed linear 

in the velocity of the receding gas ( )1 2V V−  as expected by the simple model of the last 

section; the similarity can be seen from (II.2.6) which basically said (since v c≈  now) 
1 22 2 .

V VE
E c

β −∆ ≈ ≡  So the rough estimate is only wrong by a factor 2
3

. Since we have taken 

account now of scattering angles and relativistic velocities, this result is of course more 

accurate.  
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II.4 Fermi´s mechanism and the shape of the CR-energy spectrum 

In this section we will combine the previous results of Fermi’s 1
st
 and 2

nd
 order 

acceleration mechanisms with the results from section II.1. At the end we will find the shape 

of the CR-energy spectrum. 

The most important results from section II.1 were 

 

( ) ( )0
,

esc

E E
P energy E

P

γ−

≥ =                                                     (II.1.5) 

( ) ( )ln 1 ln 1 .escP

escP εγ ε= − − + ≈                                                    (II.1.6) 

 

Since we now know the values for escP  and ε , we can substitute those in these equations; 

but before we do that let us first define the following. Let 
cycleT  be the characteristic time for 

the acceleration cycle, and escT  as the characteristic time for the escape from the acceleration 

region. The probability escP  that a CR-particle will escape from the acceleration region is then 

esc cycle escP T T= . The definition of 
cycleT  implies that the maximum number maxn  of collisions 

is equal to 
max cyclen t T=  for a CR-particle.  Since (II.1.1) says ( )0 1

n

nE E ε= +  this means that 

we have found (with the help of (II.1.1)) an expression for the upper bound of the energy: 

 

( )0 1 .cyclet T
E E ε≤ +                                                                        (II.4.1) 

 

From this expression we can learn already some basic things. The first thing we see is that 

when we solve the equality (II.4.1) in for t  

 

( )
0

ln
,

ln 1

E
E

cyclet T
ε

=
+

                                                                             (II.4.2) 

 

it takes longer to accelerate a CR-particle to a high energy E  than to a lower energy E′ . It is 

also clear that if the initial energy 0E  is high it takes less time to accelerate it to a certain 

energy E than when it would have been low. 

The second thing we learn from (II.4.1) is the following: if 
cycleT  would be independent of 

energy and if a Fermi accelerator has a limited life time Lt T= , we have in (II.4.1) an explicit 

expression for the upper bound of the energy that can be produced by the Fermi accelerator, 

namely ( )0 1 .L cycleT T
E E ε≤ +  

However, 
cycleT  appears to depend on energy. Therefore we will find an expression for 

cycleT  in section II.5 and hence also an expression for the maximum energy that can be 

obtained by a CR-particle, accelerated by the Fermi mechanism. 

  

Fermi’s 2
nd

 order acceleration mechanism can be applied to the galactic disk, for example, 

as Fermi himself has done. To calculate the value for cycleesc

esc

TP

Tε εγ = =  we first remark that in this 

example 710escT ≈  years. We defined cycleT  as the characteristic time for the acceleration 

cycle. The acceleration rate is equal to the rate of collisions between a cosmic ray of speed c 
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with clouds characterized by a spatial density cρ  and cross section cσ , so we can conclude 

1/( )cycle c cT cρ σ∼ . From (II.3.25) we see that 24
3

ε β=  so putting it all together 

 

24
3

1
~ .

c cc
γ

β ρ σ
                                                                                      (II.4.3) 

 

The value of γ  is of course not universal, it depends on the properties of the clouds.  

  

In the case of the 1
st 

order Fermi acceleration mechanism the rate of encounters is given 

by the projection of an isotropic cosmic ray flux onto the plane shock front (see under 

equation (II.3.20)): 

 
cos 12 1 2

21 1
2 4

0 cos 0 0 cos 0

cos d cos (cos )
4 4

CR CR
CR

c c
d d c

θπ π

ϕ θ ϕ θ

ρ ρ
θ θ ϕ θ ϕ ρ

π π

=

= = = =

   = =      ∫ ∫ ∫                              (II.4.4) 

 

where CRρ  is the number density of particles undergoing acceleration. The rate at which gas 

streams away from the shock front is given by 2 CRV ρ⋅ , so  

 

2 2

1
4

4
.CR

esc

CR

V V
P

c c

ρ
ρ

= =                                                                             (II.4.5) 

 

By combining (II.1.6) and (II.4.5) and combining our knowledge of the average energy gain 

from the previous section we obtain for γ : 

 

1 2

2 2

4 4
1 23 3

4 / 4 / 3
.

/ 1

esc

V V

c

P V c V c

V V
γ

ε β −= = = =
−

                                                                        (II.4.6) 

 

The great difference with 2nd order Fermi acceleration is that γ  is now independent of the 

speed of the moving plasma; it depends only on the ratio of the upstream velocity 1V  and the 

downstream speed 2V  in the shock front.  

Beneath we will find a different expression for this ratio 1 2/V V . Let us first note that if the 

sound speed in the shock front is 1c  then the shock front can only be formed if 1 1V c> . In 

terms of the Mach number which is given by  

 

1 1/ ,M V c=                                                                                       (II.4.7) 

 

this condition is equivalent to 1M > . If the gas receding from the shock front is still receding 

with a speed 2V  then the continuity of mass flows in the shock front implies 1 1 2 2V Vρ ρ= . 

Together with the kinetic theory of gases this implies [4]: 

 
2

1 2

2

2 1

( / 1)
.

( / 1) 2

p v

p v

c c MV

V c c M

ρ
ρ

+
= =

− +
                                                                          (II.4.8) 
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To simplify our analysis let us consider a monatomic gas. Here the ratio of specific heats 

is / 5 / 3p vc c = . Combining this with equations (II.4.6), (II.4.7) and (II.4.8) we get the 

following value for γ : 

 

2 25
31 2

25
3

3 3 8
1 .

( 1)/ 1 2 2
1

( 1) 2

MV V M

M

γ = = = +
+− −

−
− +

                                                                  (II.4.9) 

 

In the literature we have only seen the value 21 4 / Mγ ≈ + , where it is assumed that the 

Mach number 1M >> ; in other words the shock speed 1V  is much greater than the sound 

speed 1c . In this work however, we will use our own expression forγ , namely 

21 8 /(2 2)Mγ = + − . 

Experimentally it is found that indeed the CR energy spectrum is described by a power law as 

in (II.1.5). Up to the knee in the CR-spectrum, 1.7γ ≈  and after the knee 2.0γ ≈ . With the 

equality in (II.4.9) we find that this is equivalent to 2.59M ≈  and 2.24M ≈ , the value 
21 4 / Mγ ≈ +  cannot be used here of course, since M is not much greater than 1.  

 

 

II.5 Maximal obtainable energy with 1st order Fermi acceleration 

In this section we will argue what the maximum energy is for a charged particle that is 

accelerated by Fermi’s 1
st
 order acceleration mechanism. The idea comes from [4], where 

some details can also be found. Because a supernova shock front has a limited lifetime LT  the 

particles that are accelerated by shock acceleration have limited energy. The acceleration rate 

is given by 

 

cycle

dE E

dt T

ε
=                                                                                       (II.5.1) 

 

where ε  is written out in (II.3.25) as 4
3

E

E
ε β∆= = . We want to obtain an expression for the 

maximal obtainable energy with Fermi’s 1
st
 order acceleration mechanism, so (II.5.1) has to 

be integrated in order to obtain a formula for the energy. Therefore we need to know cycleT , the 

cycle time for one encounter. Before we get to that point, we first need to remark that, when u 

is the speed of the shock, the plane approximation that we have used is only valid if the 

characteristic length for diffusion /D u  is much less than the radius of curvature of the shock. 

The rough outline is as follows: in the upstream region of the shock front we have in case of 

equilibrium:  

 

1 1 .
dN

D V N
dz

= −                                                                                                 (II.5.2) 

 

Here N is the number of particles in the upstream per unit area as a function of the position z. 

1V  is the speed of the upstream. From (II.5.2) we can conclude that  

 
1 1( / )( ) zV D

CRN z eρ −=                                                                                      (II.5.3) 
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Here CRρ  is the number density of cosmic rays at the shock front, where 0z = . The total 

number of particles per unit area in the upstream region is equal to 

1 1( / )

1 1
0 0

( ) /
zV D

CR CRN z dz e dz D Vρ ρ
∞ ∞ −= =∫ ∫ . From (II.4.4) we know that the rate per unit area at 

which relativistic cosmic rays cross a plane shock front is 1
4 CRcρ . Thus the mean residence 

time of a particle in the upstream region is  

 

1 1 1

1
14

/ 4
.CR

CR

D V D

c V c

ρ
ρ

=  

 

The mean residence time of a particle in the downstream region is explicitly shown in [3] to 

be 2 24 /( )D V c , so cycleT  is 

 

1 2

1 2

4
.cycle

D D
T

c V V

 
= + 

 
                                                                                     (II.5.4) 

 

Before we can say something about maxE  we need to consider minD . The diffusion length 

Dλ  cannot be smaller than the gyroradius /( )gr pc ZeB= .
3
 This is so because energetic 

particles cannot respond to irregularities in the magnetic field, smaller than the particles 

gyroradius. In [4] it is argued that the minimum diffusion coefficient minD  is given by 

 

min

1
,

3 3

gr c Ec
D

ZeB
= ∼                                                                                               (II.5.5) 

 

here we used /( )gr pc ZeB= . If we consider a strong shock, with as a realistic downstream 

speed, for example 2 1 / 4V V= , then we can conclude with (II.5.4) that  

 

2 1 / 4
min min

1 2 1 1 1

4 4 20

3 3 ( / 4) 3

V V

cycle

D D Ec Ec E
T

c V V c ZeBV ZeB V ZeBV

=   
≥ + = + =   

   
 

 

So since we now have a lower limit for the characteristic cycle time for one encounter 

120 /(3 )cycleT E V ZeB≥  we can return to our problem of finding an expression for the maximum 

energy of the CR-particle that is accelerated by Fermi’s 1
st
 order acceleration mechanism. 

From (II.5.1) we learned: 

 

cycle

dE E

dt T

ε
= . 

 

Using 120 /(3 )cycleT E V ZeB≥  we conclude that 

 

13

20

ZeBVdE

dt

ε
≤ . 

                                                 
3
 See section IV.3 for a derivation of this expression for the gyroradius. 
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To get an expression for ( )E t  we integrate left and right to obtain 

 
1 2 12 1

( ) 234 / 4 4
1 13 3 41 1

(0) 0 0 0

3 33 ( )3

20 20 20 20

L L L LE T T T TV V VV V
c c

L

E

ZeBV ZeBVZeBV V
dE dt dt dt ZeBT

c

ε − =

≤ = = =∫ ∫ ∫ ∫ . 

 

So the maximum energy of the CR-particle depends on the lifetime LT  of the shock front: 

 
2

1( )3
( )

20
L L

V
E T ZeBT

c
≤ . 

 

Let us name this upper bound: 

 
2

1
max

( )3
.

20
L

V
E ZeBT

c
=                                                                                             (II.5.6) 

 

Most acceleration occurs before the time when the supernova has swept up its own mass, after 

which the shock begins to weaken. The value for LT  is therefore obtained from 

 

3

1

4
( ) .

3
L ISM ejectaV T Mπ ρ =                                                                                             (II.5.7) 

 

Here ISMρ  is the particle density in the interstellar medium (ISM) and ejectaM  is the mass of 

the material that is ejected from the supernova. For 10 solar masses ejected at 65 10 /m s⋅  into 

the interstellar medium with one proton per cubic centimeter 310LT yrs∼ . An estimate of 

3  GaussISMB µ∼  leads with the help of (II.5.6) to: 

 
13

max 3 10 eVE Z= ⋅ ⋅  

 

There are large uncertainties in this number [4]. The configuration of the magnetic field could 

raise this number by an order of magnitude. If the shock front moves not in an average ISM 

this number can also be higher, so in the literature 1510 eV  15

max 10 eVE Z= ⋅  is seen a.o. This 

corresponds to the energy value of the knee in the CR-energy spectrum. Besides the fact that 

the Fermi acceleration mechanism provides a reason for the slope of the CR-energy spectrum 

until the knee, we now see that its maximum energy also is about the same value of the knee. 

Therefore it is plausible that indeed the most of the cosmic rays below the knee are 

accelerated by the Fermi acceleration mechanism. 
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III Other acceleration mechanisms & origin of Cosmic Rays 
In chapter II we have discussed the Fermi mechanism which explains how CR-particles, 

in the energy region 91 10⋅  – 151 10⋅  eV, achieve their energy. Most of the cosmic rays are 

probably indeed accelerated by shock acceleration (Fermi’s 1
st
 order acceleration mechanism) 

and later further accelerated by Fermi’s 2
nd

 order acceleration mechanism [5]. In this chapter 

we look at some other acceleration mechanisms. We try to find a relation between possible 

acceleration mechanisms and the energy they give cosmic rays.  

 

III.1 Sunspots (Cyclotron mechanism) 

If we look at the Sun we can see some dark spots, these are called Sunspots. The reason 

that they are darker than the rest of the Sun lies in the fact that Sunspots are magnetic sites 

where a strong magnetic field is present; the thermal energy has partly been converted into 

magnetic energy so that the spot is darker than the rest of the Sun. The magnetic field 

( )B B t≡
� �

 at a Sunspot is time dependent so because it is varying the magnetic flux ( )tφ φ≡  is 

obviously varying too and an electric field ( )E E t≡
� �

 is produced. We will now show that 

Sunspots can be acceleration sources for cosmic rays. 

Let us assume that the Sunspot is a circle with radius R and surface A. If a charged particle 

is moving along an infinitesimal vector ds
�

 at a distance R from the centre then the variation 

in the magnetic flux produces a potential U: 

 

.
d

E ds U
dt

φ−
= ⋅ =∫
� �

                                           (III.1.1) 

 

If the magnetic field B
�

 is perpendicular to the area A the total magnetic flux is given by 

 
2 .B dA R Bφ π= ⋅ =∫

��
                                           (III.1.2) 

 

Taking the time derivative on both sides of equation (III.1.2) implies that 

 

2 .
d dB

R
dt dt

φ
π=                                            (III.1.3) 

 

When the charged particle (let us say an electron for definiteness) finishes its circular path it 

will end up with an energy gain given by: 

 

2 ,
d dB

E eU e e R
dt dt

φ
π∆ = = =                                  (III.1.4) 

 

where we have used (III.1.1) and (III.1.3). This acceleration principle (a varying magnetic 

field that produces a potential) is called the cyclotron mechanism. Let us look at an example 

that shows the amount of energy that is gained by an electron that is accelerated by the Sun. 
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A Sunspot can have a radius as big as 710  mR =  and a magnetic field strength of 

2000B =  Gauss
4
 at a lifetime of one day [5], so  

 

6

2 2

Js J
2000 Gauss/day  0.2 Tesla/day = 0.2 day 2.31 10  .

Cm Cm

dB

dt

−= = = ⋅  

 

Using this value for ,
dB

dt
 the energy gain for an electron that has made a full round around a 

Sunspot is: 

 

( )2
19 7 6 10 9

2

J
1.6 10 C 10 m 2.31 10  1.16 10  J 0.73 10 eV.

Cm
E π− − −∆ = ⋅ ⋅ ⋅ ⋅ = ⋅ = ⋅  

 

So we see that cosmic rays can indeed gain energy from the Sun. Charged particles coming 

from the Sun with an amount of energy in the order of 1110  eV  have even been measured. So 

Sunspots are acceleration source for cosmic rays in the energy region (in the order of) 
9 1110 10  eV−  [5]. 

 

 

III.2 Supernovas  

A star will implode at the end of its ‘life’, we call this a supernova. In this section we will 

explain why a supernova can energize cosmic rays and if it can account for all the energy of 

cosmic rays.  

The energy density Eρ  of cosmic rays has been measured at certain spots in our galaxy 

and it has turned out to be 3 13 31 eV/cm 1.6 10  J/mEρ −≈ ≈ ⋅ . If this value is approximately 

constant in our galaxy, we can calculate (with this value for Eρ ) the power needed to produce 

such energy density: 

 

33 523.38 10  J/s 2.11 10  eV/s,D E
CR

R

V
P

ρ
τ

= ≈ ⋅ ≈ ⋅                        (III.2.1) 

 

where the volume of the galactic disk is 
5
 

 
2 2 60 3(15 kpc) (200 pc) 4 10  mDV R dπ π≈ ≈ ≈ ⋅                                (III.2.2) 

 

and 66 10  yearsRτ ≈ ⋅  is the assumed residence time of cosmic rays in the disk of our galaxy. 

If one takes these assumptions it is possible that type II supernovas are the power supply of all 

CR-particles. Take for example a type II supernova that ejects every 30 years material of a 

mass M equal to 10 times the mass of the Sun [5] with a velocity of 65 10  m/sv = ⋅ , then the 

total energy emitted will be equal to  

 

                                                 

4
 

4

2

Js

Cm
1 Tesla = 1  = 1 10  Gauss⋅ . 

5
 1.0 parsec (denoted by 1.0 pc) equals 

16
3.1 10⋅ m. 
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2 441
2

2.5 10  J.SNE Mv= = ⋅  

 

The total power will then be equal to: 

 

35 542.64 10  J/s=1.65 10  eV/s.
30 years

SN
SN

E
P = = ⋅ ⋅  

 

If the efficiency is not even 2 percent (i.e. if 2% of this power is transferred to the cosmic rays 

in our galaxy) their energy density would be accounted for [4]. Since there are also other 

acceleration mechanisms, either much less than 2 percent of the power is transferred to the 

cosmic rays, or the residence time of the cosmic rays in the disk of our galaxy is much less 

than 66 10  yearsRτ ≈ ⋅ . Since scientists like to hold on to working theories as long as no better 

theory has been proposed the easiest thing to say is that the efficiency of providing the cosmic 

ray energy is lower than 2 percent. 

As we have seen in chapter II, supernovas can only explain CR-energies of 91 10⋅  – 
151 10  eV⋅  for individual CR-particles. 

 

 

III.3 Pulsars 

A star has a typical radius of 10
6
 km, when it implodes its radius becomes typically 20 

km. This supernova remnant is called a neutron star; if this neutron star is also magnetized 

and spins it is called a pulsar. During the implosion, or the gravitational collapse, the angular 

momentum L
�

 of the star is conserved. If we approximate the star in both its initial and final 

form by a sphere its moment of inertia is given by 22
5

I mR=  where m is its mass and R its 

radius. Using this approximation for the inertia, the angular momentum becomes 
22

5
L I mRω ω= =
� � �

. Conservation of angular momentum implies that 

 

,star star pulsar pulsarI Iω ω=
� �

                                  (III.3.1) 

 

where starI  and 
pulsarI  stand respectively for the inertia of the star before implosion and the 

star after implosion (when it has become a pulsar). starω
�

 and 
pulsarω
�

stand for the angular 

frequency of the star and the pulsar respectively. 

We have assumed that the star and the pulsar are spherical objects, so that 22
5

I mR= . 

Using this, and the fact that the mass of the star has remained constant during the gravitational 

collapse, we can solve (III.3.1) for 
pulsarω
�

 getting 

 
2

2
.star

pulsar star

pulsar

R

R
ω ω=
� �

                                   (III.3.2) 

 

Note that since 
star pulsarR R>  it is clear from (III.3.2) that the star will rotate faster than before 

the gravitational collapse.  

We will now derive an expression for the rotational energy of the pulsar because this can 

be an acceleration source for cosmic rays.  
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If we assume that 610  kmstarR = , 20 kmpulsarR = , and that star turns around its own axis in 

about 2.5 year: 2 2
2.5 yearstarstar T

π πω = =
�

then we see from (III.3.2) that 2
30mspulsar

πω =
�

. The rotational 

energy then becomes 

 

( )2 2 2 42 611 1 2
2 2 5

7 10  J 4.4 10  eV.rot pulsar pulsar pulsar pulsarE I mRω ω= = ≈ ⋅ ≈ ⋅            (III.3.3) 

 

If one assumes that the pulsar’s lifetime is about 1010  years and only 1% of this energy is 

transferred to the acceleration of cosmic rays the energy injection rate will be 

 
1

42100

10
1.4 10  eV/s.

10  years

rotEdE

dt

⋅
= = ⋅                                  (III.3.4) 

 

Most scientists of today believe that our galaxy exists about 1010  years. If there is one 

supernova explosion per century (this implies: 1 pulsar creation per century since all 

supernova remnants will eventually become pulsars) then 10
8 

pulsars have been created since 

the existence of our galaxy. The average pulsar injection time equals 95 10  years⋅  [5] so the 

energy given by one pulsar equals ( )42 91.4 10  eV/s 5 10  years⋅ ⋅ ⋅ =  592.2 10  eV.⋅ Since there are 

10
8 

pulsars the total amount of energy provided by them equals 672.2 10  eV.⋅  From (III.2.2) 

we know that the volume of our galaxy equals about 66 34 10  cm⋅  so the energy density that 

they provide is 67 66 3 32.2 10  eV / 4 10  cm 5.5 eV/cm⋅ ⋅ = . This is even more than the measured 

energy density of 1 3eV/cm  in our galaxy. Since there are also other cosmic ray energizing 

sources either the age of the universe is lower than 10
10 

years or the efficiency for cosmic ray 

energy providing is lower than 1%. 

If we consider the same 30 ms pulsar as above we can calculate how much energy a 

charged particle (say a proton) can gain per meter. Its velocity would be  

 
3

6

3

2 2 20 10  m
4 10  m/s.

30 10  s

pulsar

pulsar

R
v

T

π π
−

⋅ ⋅
= = = ⋅

⋅
 

 

The B field of the pulsar generates an electric field with a strength of  

 
151 10  V/mE vB= = ⋅

�
 

 

So a proton would gain 151 10  eV⋅  per meter, so after half a round it would gain  

 
3 15 202 20 10  m 1 10  V/m 1 10  eVπ ⋅ ⋅ ⋅ ⋅ = ⋅ . 

 

This is only a rough calculation without even relativistic corrections, but it is clear that pulsars 

can provide energy for even UHECR.  
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III.4 Binaries 

A binary system consists of two stars, if one of them is a normal star and the other one is a 

pulsar (or a neutron star) they are an acceleration source for cosmic rays. In this section we 

will explain why this is the case. 

In the binary system that consists of a normal star and a pulsar, matter is constantly pulled 

from the ordinary star to the pulsar. The matter will turn quickly around the pulsar and it will 

gradually form an accretion disk around the pulsar (see Figure III.1).  

 

 
Figure III.1 The formation of a pulsar’s accretion disk in a binary system. 

 

In this process a large varying magnetic field is formed near the pulsar, perpendicular to 

the accretion disk. If a particle starts turning around the pulsar in the plane of the accretion 

disk it will gain a large velocity v because of the gravitational potential around the pulsar. 

Because of the varying magnetic field B
�

 present near the pulsar the particle will experience a 

large Lorentz force LF
�

 given by 

 

( ).LF e v B= ×
� ��

                 (III.4.1) 

 

Since v
�

 is perpendicular to B
�

 we can also write .LF evB=
�

 The Lorentz force does no work 

since it is perpendicular to the velocity of the particle. Since the particle is performing 

uniform circular motion the Lorentz force equals the gravitational force which is providing 

the particle with energy. If the particle travels a distance ,s∆  its gained energy will be equal 

to: 

 

.LE F ds evB s= ⋅ = ∆∫
� �

                 (III.4.2) 

 

To get a realistic value for v we first have to calculate the gravitational energy: if the 

charged particle, let us say a proton, falls into the gravitational field of the pulsar, it will gain 

an amount of energy equal to 

 

2

111.1 10  J 70 MeV.

pulsar

pulsar

r R
R p pulsar p pulsar p pulsar

pulsarr

Gm m Gm m Gm m
E dr

r r R

=

∞
=∞

−

−
∆ = − = − =

≈ ⋅ ≈

∫            (III.4.3) 
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Here we have taken a pulsar with a mass equal to that of the Sun ( 302.0 10  kg⋅ ), furthermore 

20 km,pulsarR =  
27

1.67 10  kgpm −≈ ⋅  and the gravitational constant 11 3 1 26.67 10  m kg s .G − − −≈ ⋅  

A classical approach to this problem will give us an approximation of the velocity of the 

proton: 

 
2 11 81

2
1.1 10  J 1.2 10  m/s.pm v v−= ⋅ ⇒ = ⋅               (III.4.4) 

 

We should of course have taken a relativistic approach for a more realistic analysis, but the 

purpose here is to give an idea of the order of magnitude amount of energy that is obtainable.  

 

So the velocity of the proton is in the order of the velocity of light, but not equal to it, of 

course. Realistic values for the other parameters in (III.4.2) are: 610  TB =  and 510  m.s∆ =  

The amount of energy for such a particle will then be 194.8 J 3 10  eVE = ≈ ⋅ [5] 

There exist also accretion disks around black holes that provide even more energy to the 

cosmic rays. The same goes for Active Galactic Nuclei (AGN’s), probably the UHECR-

particles are coming from jets ejected from AGN’s. 
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IV The Hillas plot and the GZK cutoff 
The three scientists Greisen, Zatsepin and Kuzmin have found a reason why there should 

be a cutoff in the CR-energy spectrum. In this chapter we will calculate in section IV.2 at 

which energy this should happen. In section IV.3 we will look at another explanation of the 

energy cutoff that can be found in the literature. After this explanation will have been 

criticized by us, the use of the Hillas plot will become clear; this is the topic of section IV.4. 

We start this chapter with section IV.1 in which we explain some theory that is being used to 

calculate the GZK cutoff. In this section we make use of the theory and notation that is 

described in appendix VII.2. 

 

IV.1 Some theory that is needed for the GZK calculation 

Consider an n-particle system with n particles having four momentum vectors 1,..., .np p  

In scattering theory the invariant mass s of such an n-particle system is given by 

 
2

1( ... ) .ns p p= + +                                                  (IV.1.1) 

 

Using appendix VII.2 we can rewrite this to 

 
2 2

1 1 2( .. ) ( .. ) .ns E E p p= + + − + +
� �

                                               (IV.1.2) 

 

In the center of mass (CM) frame the total linear momentum equals zero, so in the CM 

frame the invariant mass simplifies to 

 
2

1( .. ) .CM ns E E= + +                                               (IV.1.3) 

 

The first conclusion we can draw from this is that the center of mass energy ECM equals 

CM CME s= .  

The rest energy of a particle equals mc
2

 and we have put c equal to 1. For producing a 

particle you need at least an amount of energy equal to its rest energy, so for producing n 

particles you need at least an energy equal to 1 ... nm m+ + . So the second conclusion we can 

draw from (IV.1.3) is that the threshold value for CMs  for producing particles 1,...,n  is given 

by 

 
2

1

.
n

threshold i

i

s m
=

 
=  
 
∑                                             (IV.1.4) 

 

 

IV.2 Calculation of the GZK cutoff 

Greisen, Zatsepin and Kuzmin discovered around 1966 that CR-protons with an energy 

higher than 196 10  eV⋅  will interact with the Cosmic Microwave Background (CMB). The 

reaction that takes place, between the CR-protons p+  and the CMB photons γ , is given by 

the following (where 0π  stands for the neutral pion): 
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0.p pγ π+ ++ → +                                               (IV.2.1) 

 

The threshold energy for these reactions can be calculated with the help of equation   

(IV.1.4) from the previous section: 

 
2 2 2( ) ( ) ( ) .threshold p p ps m m q q m mπ γ π= + ⇒ + ≥ +                      (IV.2.2) 

 

So we have the inequality 2 2 2( ) ( ) ( )p p pE E p p m mγ γ π+ − + ≥ +
� �

. Working out the squares and 

regrouping the terms using 2 2 2 2p E p m= − =
�

 gives us 

 
2 2 2 22 2 2 .p p p p pm m E E p p m m m mγ γ γ π π+ + − ⋅ ≥ + +

� �
 

 

If the angle between the velocity vectors of the photon and the proton is given by θ, then the 

dot product pp pγ ⋅
� �

 can be written as cosp pp p p pγ γ θ⋅ =
� � � �

. Since the term 2mγ  equals zero, 

and the term 2

pm  cancels with the one on the right, the inequality in (IV.2.2) becomes 

 
22 2 cos 2 .p p pE E p p m m mγ γ π πθ− ≥ +

� �
                              (IV.2.3) 

 

If we consider a head on collision ( 180θ = � ) with the protons and photons moving 

relativistically, then cosp pp p E Eγ γθ ≈ −
� �

, by appendix VII.2. So (IV.2.3) becomes 

24 2 .p pE E m m mγ π π≥ +  The threshold energy for the proton is thus 

 
2 2

.
4

p

p

m m m
E

E

π π

γ

+
≥                                                  (IV.2.4) 

 

The CMB-photons’ energy can be obtained from the Planck distribution for black body 

radiation and since they have an average temperature of about 2.7K, their energy is equal to 

1.1 meVEγ ≈  [5]. The masses of the neutral pion and the proton are 2135 MeV/cmπ ≈  and 

2938 MeV/cpm ≈ , so 

 
196.2 10  eV.pE ≥ ⋅                                                  (IV.2.5) 

 

So if the proton has an amount of energy that is greater or equal to 196.2 10  eV⋅  it can react 

with the CMB-photons in the way that is written down in (IV.2.1). The mean free path for the 

proton is given by 

 

1
p

N
γλ σ

=                                                           (IV.2.6) 

 

N stands for the number density of CMB photons and σ  stands for the cross section (that 

equals 100 µb  at the threshold). This gives 

 



 33 

10 Mpc.pγλ ≈                                                           (IV.2.7) 

 

Since the arrival probability is about 
/ px

e γλ−
 we can conclude that the further away the 

source of the protons, the smaller the probability that we measure them on earth. The mystery 

behind the GZK cutoff is the following. We have calculated that if the energy of CR protons 

is greater than 196.2 10  eV⋅  they can react with the CMB; however, we still measure particles 

with an energy higher than 196.2 10  eV⋅ . Let us consider this mystery below. 

We have calculated that the mean free path of the protons is equal to 10 Mpc . Objects at a 

distance greater than about 30 Mpc from earth are therefore not likely to be sources of protons 

with higher energies than 196.2 10  eV⋅  since there is a great probability (that can be calculated 

with 
/ px

e γλ−
) that they have reacted with the CMB. Then we could ask whether they could be 

coming from our own galaxy, but in section IV.4, where we deal with the Hillas plots, it will 

become clear that it is improbable that there are sources within our own galaxy that can 

provide so much energy. The obvious question that is left is then: “Can the UHECR be other 

particles than protons?”  

The GZK cut off for heavier nuclei than protons is higher than 196.2 10  eV⋅ , but the 

problem with this theory is that it is not clear why these nuclei would not disintegrate by for 

example photon interactions. Hence it is not likely that UHECR consist of heavy atom nuclei. 

Another possibility is that the UHECR consist of neutrons that can freely move through the 

CMB. Until today there are a number of these suggestions, but it is not yet known for sure 

what kind of particles the UHECR exist of. Of course it is also possible that there is a 

systematic error in the energy assignment, so that the particles in fact do not exceed the GZK 

limit.  

Cosmic ray observatories have noticed and calculated that if there was no suppression 

they should have measured more CR-particles after the GZK cutoff [14]. So until present we 

can say that the GZK cutoff exists (definitely for protons); the measurements of higher energy 

cosmic rays are only few and can be caused by wrong energy assignments or they are caused 

by heavy nuclei (this is claimed by certain observatories [14] although this not probable). 

 

 

IV.3 Different calculation of the cutoff 

We will now try to find another answer to the question: 

 

Why is there a cutoff at the end of the CR-energy spectrum? 

 

Giving an explanation to this question is very much related to finding an answer to the next 

question:  

 

What is the maximum energy of a charged particle that can be produced in our galaxy?  

 

What is being done in the literature to answer this question is the following:  

First consider a source, with radius R, that produces a magnetic field. If a charged particle (let 

us say a proton) is moving in this magnetic field at a distance ρ  away from the center of the 

source, it will start to move in circles ( ρ  is then called the gyroradius of the proton). If its 

velocity is v
�

 and its relativistic mass is given by mγ  (as in appendix VII.2), then the 

centripetal force, which the proton experiences, can be written as 2 /mvγ ρ
�

. Since the Lorentz 
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force Zev B×
��

 (with 1Z =  because the charge of a proton is e) is the only force that works on 

the proton, it takes the role of the centripetal force. If we only look at the magnitude of the 

force and assume that v B⊥
��

 the previous can be reformulated as 
2

.
m v

Ze v B
γ

ρ
=

�
�

                                                 (IV.3.1) 

 

Let us now use this idea for the question we need to answer. The proton’s gyroradius ρ  

cannot become greater than R because then it would fly out of our galaxy and could not be 

measured on earth. So since Rρ ≤ we have that 

 
2 2

.
m v m v

R

γ γ
ρ

≤
� �

                                                 (IV.3.2) 

 

Using the fact that the centripetal force equals the Lorentz force (i.e. using (IV.3.1)) we can 

rewrite the inequality in (IV.3.2) as  

 
2

.
m v

ZeB v
R

γ
≤

�
�

                                                 (IV.3.3) 

 

By cancelling the two v
�

’s on the left and right hand side in (IV.3.3), moving R to the right 

and using the definition for momentum ( p mvγ=
� �

) we can rewrite this to
6
 

 

.p ZeBR≤
�

                                                          (IV.3.4) 

 

So the maximum value for the magnitude of the momentum, maxp , is thus given by 

 

max .p ZeBR=                                                           (IV.3.5) 

 

Since the protons are moving relativistically (i.e. E c p=
�

 and : 1c =  see appendix VII.2) we 

can conclude that 

 

max .E ZeBR≈                                                           (IV.3.6) 

 

A typical value for B in our galaxy is 3µG and a value for R in the order of the size of our 

galaxy, but still contains the proton in our galaxy is 5 pcR =  and 1Z =  for a proton, so the 

order of magnitude for maxE follows with (IV.3.6) to be
7
   

 
19

max ~ 10 eV.E                                                        (IV.3.7) 

 

                                                 
6
 This equation turns out to be even relativistically correct [12]. 

7
 Note that in this calculation is used 1.0 Gauss = 1.0 

.
 10

-4
 Tesla, 1.0 pc = 3.1

. 
10

16 
m, and c = 3.0 

. 
10

8 
m/s is 

used because Emax = ecBR. 
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So the above reasoning, as is found in the literature (a.o. in [5]), leads to the conclusion 

that the maximum energy that our galaxy can give to a proton is 19~ 10 eV.  This maximum 

obtainable energy for the proton in our galaxy is indeed the same order of magnitude as 

calculated for the GZK cut off. Hillas also has got an extra argument based on the small 

energy-dependent anisotropy of the cosmic rays, which says that cosmic rays up to 19~ 10 eV  

originate from within our galaxy. 

However, we would like to add some caution to the argumentation given above. It is true 

that a charged particle that moves in our galaxy can get at most accelerated until it has an 

amount of energy 19~ 10 eV , it is also true that a particle having an energy 20~ 10 eV  or higher 

cannot be contained in our galaxy, but this does not exclude the following: an object in our 

galaxy with a certain radius R can have such a magnetic field B that it produces particles with 

energies 20~ 10 eV , indeed these particles cannot be contained in our galaxy, so they will start 

to fly out of our galaxy unless something is in their way, for example the earth’s atmosphere. 

In this case we do measure UHECR that originate from within our own galaxy, so it is 

necessary to find out for the objects in our galaxy how great their radius and magnetic field 

are, because when this is known one can calculate with (IV.3.6) the maximum energy they 

can give to particles they emit. 

This has been done and the results are displayed in Hillas plots as is explained in the next 

section. Using these plots one can conclude what maximum energy can be given to cosmic 

rays by objects in our galaxy. It will turn out that until today there are no objects found, 

within our galaxy, that are able to produce UHECR. The above explanation that is often found 

in the literature, in combination with the Hillas plot, does explain why most cosmic rays have 

an amount of energy below 19~ 10 eV.  If we look at (IV.3.6) we can conclude that particles 

with a high charge can be accelerated to higher energies. However this implies that we have 

got to do with nuclei of heavy atoms and, as we have said before, it is not probable that heavy 

nuclei can be accelerated to these high energies without disintegrating.  

 

 

IV.4 Hillas plot 

Particles can get accelerated from sources in space. The energy which these particles can 

obtain depends on the size and the magnetic field strength of the source. A Hillas plot shows 

the relation between the radius R of a source in the galaxy, its magnetic field strength B and 

the maximum energy Emax it can provide the proton. The theory behind the Hillas plot is the 

same as described in the previous section. The summary is given in (IV.3.6), displayed again 

below 

 

max .E ZeBR≈                                                           (IV.3.6) 

 

In a Hillas plot log( )B  is usually put on the y-axis and log( )R  is usually put on the x-axis. 

Taking the log’s on both sides of the equation gives: maxlog( ) log( ).E ZeBR≈  Working out the 

right hand term gives: 

 

maxlog( ) log( ) log( ) log( )E Ze B R≈ + +  

 

and putting log(B) to the left gives the desired relation 

 

maxlog( ) log( ) log( ) log( ).B E Ze R= − −  
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For each value of Emax there is a line that can be plotted in the log(B)—log(R) graph. So B is 

besides a function of R also dependent on the value for Emax, that is why we write: 

 

log( [ ]) log( ).E EB R const R= −  

 

with maxlog( ) log( )Econst E Ze= − . To make more explicit that we are talking about lines we 

write 

 

E Ey const x= −                                                                   (IV.4.1) 

 

with: 

maxlog( ) log( ),

log( [ ]),

log( ).

E

E E

const E Ze

y B R

x R

≡ −

≡

≡

                                                      (IV.4.2) 

 

An example of a Hillas plot is given in Figure IV.1. The line in this graph corresponds to 

protons having a maximum energy of 201 10 eV⋅ . One can see what objects are able to provide 

protons an amount of energy equal to 201 10 eV⋅ . This is all thanks to the data that exists about 

the magnetic field and the radius of these objects. 

With today’s knowledge of magnetic fields and radii of galactic objects it is most likely 

that UHECR are extra galactic. An extra argument is the change in the slope of the CR energy 

spectrum around the ankle. 

 

 
Figure IV.1 A Hillas plot in which the line for 20

max 1 10 eVE = ⋅  is drawn for protons. 
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V The Cosmic Neutrino Background 
We know of the existence of a Cosmic Microwave Background (CMB), since there is 

experimental proof for it. Until today however, no proof has been given for the existence of a 

Cosmic Neutrino Background (CNB). Any indication for the existence of a CNB would 

therefore be a break through. Suppose the CNB exists and a proton flies into it, then a neutron 

and a lepton can be created if the proton has enough energy. The minimum energy that is 

needed for the proton to create a lepton we will call the Threshold Energy Value (TEV) of the 

proton. An interesting question one could pose is: Does the TEV of the proton depend on the 

neutrino mass and if yes, how? To answer this question we will derive an analytic expression 

for the TEV of the proton in section V.1. It will become clear that there is indeed a 

dependence of the proton’s TEV on the neutrino mass. We will further investigate this 

dependence in section V.2 by means of tables and graphs and we will argue how this 

dependence of TEV on the neutrino mass can be seen in the CR energy spectrum. 

The lepton that is created after a sufficiently energetic proton has collided with the CNB 

can for example be a muon or a positron. In section V.1 we will do all calculations for the 

case that the lepton is a positron and afterwards conclude that the muon case is similar. So 

that all the results of section V.1 also hold if we replace positron by muon and anti electron 

neutrino by muon neutrino. 

 

V.1 The TEV of the proton in a CNB collision 

We calculate the TEV of the proton in the same way in which we calculated the GZK in 

section IV.2. Before we start the calculation let us first write down the reaction we would like 

to consider: 

 

.ep n eν+ ++ → +                                                            (V.1.1) 

 

The anti electron neutrino is a particle out of the CNB which is supposed to exist in this 

chapter. In this chapter we will omit the word “anti” for the sake of brevity. Note that in this 

reaction of the proton with the electron neutrino the Lepton number and the charge are both 

conserved. The threshold energy for this reaction can be calculated with the help of equation   

(IV.1.4): 

 
2 2 2( ) ( ) ( ) .

ethreshold n p ne e
s m m q q m mν+ += + ⇒ + ≥ +                       (V.1.2) 

 

So we have the inequality 2 2 2( ) ( ) ( )
e ep p n e

E E p p m mν ν ++ − + ≥ +
� �

. Working out the squares, 

regrouping the terms and using 2 2 2 2p E p m= − =
�

 gives us  

 
2 2 2 22 2 2 .

e e ep p p n ne e
m m E E p p m m m mν ν ν + ++ + − ⋅ ≥ + +

� �
 

 

If the angle between the velocity vectors of the proton and the electron neutrino is given by θ, 

then the dot product 
epp pν⋅

� �
 can be written as cos

e ep pp p p pν ν θ⋅ =
� � � �

 and since the term 

2 2

p nm m≈  the inequality in (V.1.2) becomes 

 
2 22 2 cos 2 .

e e ep p ne e
E E p p m m m mν ν νθ + +− ≥ − +

� �
                              (V.1.3) 
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We assume that the proton is moving relativistically so p pp E≈
�

 by appendix VII.2. From the 

same appendix we know that the magnitude of the electron neutrino’s impulse is given by 

2 2

e e e
p E mν ν ν= −
�

. So (V.1.3) becomes 

 

2 2 2 22 ( cos ) 2 .
e e e ep ne e

E E E m m m m mν ν ν νθ + +− − ≥ − +                                         (V.1.4) 

 

To make clear what the TEV for the proton is we can isolate the term pE  as follows: 

 

( )
2 2

2 2

2
.

2 cos

e

e e e

ne e
p

m m m m
E

E E m

ν

ν ν ν θ

+ +− +
≥

− −
                                        (V.1.5) 

 

The energy 
e

Eν  of an electron neutrino is given by the sum of its rest energy and its thermal 

energy 
e

Tν . Since we have set c equal to one we can write 
e e e

E m Tν ν ν= + . The inequality in 

(V.1.5) says that the energy of the proton has to be greater than the right hand side in (V.1.5) 

to create the positron and the neutron. This means that the right hand side of (V.1.5) is the 

minimum energy the proton needs to create a positron and a neutron, so it is the TEV of the 

proton. We will denote the TEV of the proton from now on by TEV

pE . If we now substitute 

e e
m Tν ν+  for 

e
Eν  and TEV

pE  for the right hand side in (V.1.5) we obtain: 

 

( )
2 2

2

2
.

2 2 cos

e

e e e e e

nTEV e e
p

m m m m
E

m T T m T

ν

ν ν ν ν ν θ

+ +− +
=

+ − +
                                       (V.1.6) 

 

The thermal energy of the electron neutrinos is about 410  eV− , since they are part of a Fermi 

gas at a temperature of about 1.9K (i.e. if the CNB exists, it will behave like a Fermi gas at a 

temperature of about 1.9K). We will therefore substitute 410  eV
e

Tν
−=  into (V.1.6), as well as 

the known values for the masses. Remember that θ  is the angle between the velocity vectors 

of the proton and the electron neutrino, so it is a variable. The mass of neutrinos is not known 

so TEV

pE  is a function of the angle θ  and the neutrino mass 
e

mν : 

 

( )
6 2 2 6 6

4 4 2 4

(0.51 10  eV) 2(938 10  eV)(0.51 10  eV)
( , ) .

2 10  eV (10  eV) 2 (10  eV) cos

e

e

e e

TEV

p

m
E m

m m

ν
ν

ν ν

θ
θ− − −

⋅ − + ⋅ ⋅
=

+ − +
                          (V.1.7) 

 

At the beginning of this chapter we have posed the question: 

 

Does the TEV of the proton depend on the neutrino mass and if yes, how ? 

 

We have now found an answer to the question posed, but this is an analytic answer, which 

brings forth new questions: 
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What is the influence of θ  on ( , )
e

TEV

pE mνθ  and how is the dependence of ( , )
e

TEV

pE mνθ  on 
e

mν  

if one takes realistic values for 
e

mν ? 

 

In the next section we will try to investigate the dependence of ( , )
e

TEV

pE mνθ  on θ  and 
e

mν  by 

means of tables and graphs.  

 

 

V.2 Dependence of proton’s TEV on the neutrinomass and on θ 

We will investigate the dependence of ( , )
e

TEV

pE mνθ  on θ  and 
e

mν  by considering the four 

cases (a)—(d), schematically described in Figure V.1. The system we consider in all four 

cases consists of a proton that collides with a neutrino. The “constant factor” in these cases is 

the proton which moves in the z-direction (to the right). This is done without loss of 

generality since we can apply a rotation to the system to let the proton move in an arbitrary 

direction. The physics does not change because of rotation invariance of the system. In 

contrast to the proton’s movement, the neutrino’s movement does vary: 

   

– In case (a) the electron neutrino collides frontally with the proton; we call this a head on 

collision (here θ π= ).  

– In case (b) we consider a collision in which both the proton and the electron neutrino move 

in the same direction (so 0θ = ).  

– In the third case (c) the proton and the electron neutrino move perpendicular to each other 

(so / 2θ π= ). Note that it does not matter whether the electron neutrino moves up or down 

since we consider a symmetric process in the z-axis, which is also clear if one looks at the 

denominator in (V.1.7): cos( / 2) cos( / 2)π π= − .  

– In the last case (d), the electron neutrino is at rest and the proton collides into it.  

 

We will calculate ( , )
e

TEV

pE mνθ  in all these cases for different values of .
e

mν  

 

 
Figure V.1 

(a) Head on collision of a proton and an neutrino (θ π= ). 

(b) Collision where proton and neutrino move in the same direction ( 0θ = ). 

(c) Collision where proton and neutrino move perpendicular to each other ( / 2θ π= ). 

(d) Collision where proton flies into the neutrino that is at rest. 

 

The values for ( , )
e

TEV

pE mνθ  in the cases (a), (b) and (c) can be calculated with formula 

(V.1.7) where we substitute respectively ,0 and / 2θ π π= . 

 Since there exist only upper bounds for neutrino masses, but no exact values, we have 

calculated ( , )
e

TEV

pE mνθ  for different neutrino masses. The first three rows of Table V.2-1 

consist of the outcomes of the above calculations for the electron neutrino. In the fourth row 
TEV

pE  has been calculated for case (d) where the electron neutrino is at rest, this is indicated in 
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the table as “ eν (rest)”. In this case the electron neutrino does not move so 0 eV
e

Tν = . If we 

substitute this into (V.1.6) the proton’s TEV becomes independent of θ : 

 

(d) 

6 2 2 6 6(0.51 10  eV) 2(938 10  eV)(0.51 10  eV)
( ) .

2

e

e

e

TEV

p

m
E m

m

ν
ν

ν

⋅ − + ⋅ ⋅
=  

 

So with this formula the fourth and final row of Table V.2-1 has been calculated. 

In Table V.2-2 we can see the results of the same calculations made for Table V.2-1 but 

now for the muon neutrino. So the same calculations of the previous section hold resulting in 

formulas (a)—(d), the only difference is that we replace 
e

m +  by m
µ+  and  

e
mν  by m

µν . 

 
TEVTEVTEVTEV
ppppEEEE  1 210  eV/c

e
mν

−=

 

2 210  eV/c
e

mν
−=

 

3 210  eV/c
e

mν
−=

 

4 210  eV/c
e

mν
−=

 

20 eV/c
e

mν =

 

θ π=  154.6 10  eV⋅  164.2 10  eV⋅  173.1 10  eV⋅  181.3 10  eV⋅  182.4 10  eV⋅  

0θ =  155.0 10  eV⋅  165.5 10  eV⋅  177.5 10  eV⋅  191.8 10  eV⋅   eV∞  

2
πθ =  154.8 10  eV⋅  164.7 10  eV⋅  174.4 10  eV⋅  182.4 10  eV⋅  184.8 10  eV⋅  

eν  

(rest) 

154.8 10  eV⋅  164.8 10  eV⋅  174.8 10  eV⋅  184.8 10  eV⋅   eV∞  

Table V.2-1The proton’s TEV has been calculated for different values of θ  and 
e

mν  in the 

case of the reaction .ep n eν+ ++ → +  

 
TEVTEVTEVTEV
ppppEEEE  1 210  eV/cm

µν
−=

 

2 210  eV/cm
µν

−=

 

3 210  eV/cm
µν

−=

 

4 210  eV/cm
µν

−=

 

20 eV/cm
µν =

 

θ π=  
181.0 10  eV⋅  189.1 10  eV⋅  196.7 10  eV⋅  202.8 10  eV⋅  205.3 10  eV⋅  

0θ =  
181.1 10  eV⋅  191.2 10  eV⋅  201.6 10  eV⋅  213.9 10  eV⋅   eV∞  

2
πθ =

 
181.0 10  eV⋅  191.0 10  eV⋅  199.5 10  eV⋅  205.3 10  eV⋅  211.1 10  eV⋅  

µν  

(rest) 

181.1 10  eV⋅  191.1 10  eV⋅  201.1 10  eV⋅  211.0 10  eV⋅   eV∞  

Table V.2-2 The proton’s TEV has been calculated for different values of θ  and m
µν  in the 

case of the reaction .p nµν µ+ ++ → +  

 

The first observation in Table V.2-1 is that for each electron neutrino mass the four cases 

described in Figure V.1(a)—(d) give the same order of magnitude value for TEV

pE  apart from a 

few slightly deviating cases. In Graph V.1 we will see this more clearly. The second 

observation is that when one lowers the electron neutrino mass by one order the value for 
TEV

pE  goes up with one order. This holds certainly in the region 1 210  eV/cmν
−= —

4 210  eV/cmν
−= . These patterns are most clearly seen in case (d) where we have done the 

calculation in the target rest frame in which the electron neutrino is put to rest. For Table 

V.2-2 we can say exactly the same things as we can say for Table V.2-1. The only difference 

is that the proton’s TEVs are higher than for the electron neutrino case. The reason for this is 

that it costs more energy to create a muon than a positron. 
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Today the upper bounds for the electron neutrino mass and the muon neutrino mass are 

2.2 eV/c
2
 and 170 keV/c

2
 respectively. We have made Log Log-plots for the cases (a)—(d) 

from the tables and we have varied the neutrino masses from 8 210  eV/c−  till 2 210  eV/c  only, 

because the interesting region is centered around 4 210  eV/c− . Going up to 170 keV/c
2
 does not 

add new information, since it is just the straight line extrapolated. The only differences we 

observe between the graphs where the proton’s TEV is plotted against the masses of 

respectively the muon neutrino and the electron neutrino is that for the muon neutrino case the 

proton’s TEV is a bit higher. Therefore we will discuss the graphs simultaneously and talk 

about “the neutrino mass”. 

With the Log Log-plots in Graph V.1 we can study the dependence of TEV

pE  on the 

neutrino masses in a more detailed way than in the tables: 

 

In case (b) ( 0θ = ) we see that when the neutrino mass is smaller than 4 210  eV/c−  there is 

a linear dependence between log TEV

pE  and the neutrino mass. Around 4 210  eV/c− , this 

dependence changes and the slope of the line has become larger when 4 210  eV/cmν
−> . This 

indicates that neutrinos with masses smaller than 4 210  eV/c−  behave “relativistically” and 

when their masses are bigger than 4 210  eV/c−  they behave “classically”. We can understand 

this because the neutrino’s energy Eν  is given by E T mν ν ν= +  where 410  eVTν
−= . If mν  is 

small compared to 410  eVTν
−=  (i.e. 4 210  eV/cmν

−<< ) then the neutrino can move at a 

speed closer to c and becomes relativistic. If mν  is big compared to 410  eVTν
−=  (i.e. 

4 210  eV/cmν
−>> ) then the neutrino moves slowly compared to c and hence it will behave 

“classically”.  

We can also see in the graphs where 0θ = , that the proton’s TEV goes to infinity when 

the neutrino mass approaches zero. This is comprehensible because the proton and the 

neutrino move in the same direction, so when the  neutrino has got zero mass it moves with 

the speed of light and the proton must hence also move with the speed of light because else 

there will be no collision. A massive particle can only move with the speed of light if it would 

have infinite energy (since γ = ∞  in equation (VII.2.1) in appendix VII.2). Of course this is 

physically impossible, so if neutrinos would have had zero mass the case of a proton-neutrino 

collision with 0θ =  can be excluded. 

 

Cases (a) and (c) (i.e. θ π=  and / 2θ π=  respectively) are similar except for the fact 

that the proton’s TEV is a bit higher in case (c), so we will discuss these two cases 

simultaneously. As in case (b) we can conclude that there is a linear dependence between 

log TEV

pE  and the neutrino mass.  We can also conclude that because of the change in slope 

around 4 210  eV/cmν
−≈  the neutrinos for which 4 210  eV/cmν

−<<  are relativistic and the 

neutrinos for which 4 210  eV/cmν
−>>  are classical. This is for the same reasons as given 

above.  

Let us now consider the case that the neutrino is mass less, so the neutrino moves with the 

speed of light. Since in cases (a) and (c) the proton and the neutrino don’t move parallel, the 

proton does not need to move with the speed of light to collide with the neutrino and thus its 

energy is not infinitely big, but approaches a constant value.  
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Graph V.1 Left: The proton’s TEV plotted as a function of the muon neutrino for 

0,  ,  / 2  "  "and stillµθ π π ν=  Right: The proton’s TEV plotted as a function of the electron 

neutrino for 0,  ,  / 2  "  "eand stillθ π π ν= . 
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In case (d) ("  (rest)"ν ) we see very clearly that in the Log Log plot there is a linear 

dependence between log TEV

pE  and the neutrino mass: when the neutrino mass is going up by 

one order of magnitude, the proton’s TEV goes down by one order of magnitude. At 
4 210  eV/c−  we do not see a change in the slope of the graph. This is to be expected because, 

since the neutrino does not move in this frame ( 0 eVTν =  and) there is no distinction between 

classical and relativistic neutrinos.  

 

If we plot the cases (a)—(d) for the electron neutrino together in Graph V.2 (a) we 

observe that if the electron neutrino mass is bigger than 2 210  eV/c−  there is a “sharp TEV” for 

the proton (i.e. when protons fly into the CNB, from a certain specific energy value of the 

protons onward, every proton produces a neutron and a positron). If 2 210  eV/cmν
−<  then 

there is not a sharp TEV for the proton, but a “band” of TEVs (i.e. when protons with a 

specific energy hit the cloud there is not one TEV, but the TEV varies between a value α  and 

a higher value β ). This is possible since the neutrinos in the CNB move randomly, so every 

time a proton hits the cloud the collision with the neutrino can be under a different angle and 

we have seen that the TEV depends on the angle θ .   

A quick look at (V.1.6) shows that TEV

pE  is maximal if 0θ =  and minimal if θ π= , so 

this band of TEVs of the proton lie between the graphs that belong to the cases 0θ =  and 

θ π=  as is also clear from  Graph V.2 (a).  

From Graph V.2 (a) we can also conclude that (if it had been possible) it would be 

interesting to do an experiment in which we deduce 
e

mν  by investigating the TEV for the 

proton in the reaction ep n eν+ ++ → + . Up until today this is not yet possible though, since it 

is impossible to create a cloud of neutrinos.  

If one day this will be possible, we could fire a lot of protons with a certain energy value, 

one after the other, to this neutrino cloud. When no new particles are created we increase the 

energy of the protons to a higher energy value and continue with firing protons to the cloud. 

We continue this process until one of the following things happen: 

1) we discover that when the protons have a certain energy value A, each “A-energy 

proton” produces a neutron and a positron. We can then conclude that we have a 

sharp TEV so the electron neutrino mass is bigger than 2 210  eV/c− . We can even 

read off from Graph V.2 (a) what the electron neutrino mass is corresponding to the 

proton’s TEV A.  

2) we see that when the protons have a certain energy value B, from time to time 

neutrons and positrons are created. We should then continue to increase the energy 

value of the proton to see from which energy (C) onward we see that every “C-

energy proton” that hits the cloud creates neutrons and positrons. We can conclude 

then that the energy band lies between B and C. From Graph V.2 (a) we can then 

read of what the mass of the electron neutrino must be.  

Even when it is possible to create the neutrino cloud there are other problems with this 

experiment. Apart from practical problems, the range in which we have a sharp TEV and a 

band of TEV’s flows gradually into one another, so this experiment is not so “black or white” 

as described. But in theory this would be a way to deduce the neutrino mass. 

The same analysis as above goes for the muon neutrino, the graph for its cases (a)—(d) is 

given in Graph V.2 (b). The main conclusion is that the proton’s TEV depends on the neutrino 

mass. If the neutrino mass is greater than 2 210  eV/c−  there is a well defined TEV for the 

proton, but if the neutrino mass is smaller than 2 210  eV/c−  there is a TEV band for the proton.  
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Graph V.2 (a) All “right hand side” plots from Graph V.1 in one figure. 

 

 
Graph V.2 (b) All “left hand side” plots from Graph V.1 in one figure. 

 

We can conclude that if a CNB exists, we have a similar situation as in chapter IV with 

the CMB. In chapter IV we calculated the GZK cutoff which is equal to the threshold energy 

value of the proton. We have seen in this chapter V that if a CNB exists, we must also have a 

TEV which could present itself as a cutoff in the CR energy spectrum depending on the 

neutrino mass. The fact that we do not see a cutoff at another energy value than the GZK 

cutoff does not imply that there is no CNB. This is so since –especially at lower energies– 

there are a lot of other CR-particles then protons alone. Therefore, in stead of a cutoff we 

might only see a slight “flux-drop” in the spectrum. Another difficulty is that there are 

different kinds of neutrinos and thus different TEVs for the proton (corresponding to the 

different neutrinos). Since we do not know the masses of the neutrinos, for each TEV 

(corresponding to a certain neutrino type) there is an energy range (depending on the neutrino 

mass) in which the TEV can lie. And as we have seen each TEV does not have to be a 

specific value but it can be a “band”. 

If we investigate the spectrum to see at what energy these “flux-drops” are, we could look 

at Graphs V.2 to see what possible neutrino masses correspond to the cutoff energy.  
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VI Conclusion 
We have seen that charged particles fly from the universe into our atmosphere where they 

collide with air molecules producing air showers. We have also seen how measuring the 

secondary particles gives information about the primary particle and how special relativity 

explains that briefly living particles can still reach the earth because of their slow running 

proper time. Cosmic rays happen to consist for about 86% out of protons. Almost 11% 

consists of helium nuclei, 2% consists of electrons and 1% consists of nuclei of heavy atoms 

and gamma radiation.  

We have discussed different mechanisms that explain the acceleration of cosmic rays. For 

the lower energy cosmic rays we have Sunspots that can provide cosmic rays with energies 
9 1110 10  eV−  through the cyclotron mechanism. We have seen in detail that the Fermi 

acceleration mechanism explains how cosmic rays with an amount of energy up to 
151 10  eV⋅ can obtain their energy through shock waves or collisions with magnetized clouds. 

The slope of the CR-energy spectrum before the knee (also 15~ 10  eV ) is even determined by 

Fermi’s acceleration mechanism, so it is convincing that a large proportion of the cosmic rays 

with energies until 15~ 10  eV  are energized through this mechanism.  

Since the slope of the CR-energy spectrum changes after the knee, the acceleration 

mechanism for those cosmic rays is not Fermi’s acceleration mechanism. We have discussed 

other acceleration mechanisms seen at Pulsars and Binaries that explain that part of the 

spectrum. They can in principle even provide energy for the UHECR. Cosmic rays up to 
1910  eV  come mainly from within our galaxy, but the UHECR turned out to be extra galactic.  

One idea that came to our mind, but has not been further developed, is the following: on 

earth a huge amount of energy is released by means of lightning. Since this is a natural 

phenomenon, not yet fully understood, it could be that at other planets a similar phenomenon 

exists as well. Since the Hillas plot only considers the radius and the magnetic field of objects 

(and excludes on this basis UHECR sources in our galaxy) it could be that objects in our 

galaxy provide in this way or another UHECR. In further studies this idea could be worked 

out. 

If a star explodes, shock waves will be generated, so this is an example where cosmic rays 

get energized via Fermi’s acceleration mechanism. Furthermore we have seen how these 

supernovas can provide enough energy to explain the energy density 31 eV/cmEρ ≈  of 

cosmic rays in our galaxy.  

In concluding we can say that we succeeded to give answers to the four thesis questions: 

 

1) What are cosmic rays? 

2) Where do cosmic rays come from? 

 3) How do cosmic rays obtain their energy? 

 4) How do UHECR obtain their energy and where do they come from? 

 

but we do not claim that the answers are complete, for there are more possible mechanisms 

that energize (even the highest energy) cosmic rays. The most likely mechanisms have been 

discussed though. We have also reached a goal which was to gain more understanding in the 

shape of the CR energy spectrum. And apart from cosmic rays’ energizing mechanisms, we 

gave their energy limits like the GZK energy limit and the Fermi energy limit. 

For the sake of science it is very interesting to do research in cosmic rays, but there is also 

a practical interest, since a single number in a computer memory on earth can be changed by 

it. The effect on satellites can be bigger, however, so it is worthwhile spending more time in 

the investigation of cosmic rays. It is also important for jet companies to know how big the 
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intensity of cosmic rays is at higher altitude and how dangerous it is for human beings on long 

flights [2]. Hopefully, we will find more and more answers to this interesting subject. 

Finally we do not know if a Cosmic Neutrino Background (CNB) exists. But if it does, we 

have seen that when a proton collides with the CNB it can create neutrinos and 

positrons/muons, but the Threshold Energy Value (TEV) of the proton depends on the mass 

of the neutrino. The smaller the neutrino mass, the higher the proton’s TEV. If the neutrino 

mass is bigger than 2 210 eV/c−  there is one TEV for the proton, but if the neutrino mass is 

smaller than 2 210 eV/c− , there is a band of TEVs for the proton. So if a CNB exists we could 

say something about the neutrino mass by investigating the CR energy spectrum. The 

difficulty is however that for each neutrino the proton’s TEV is different and TEV’s can be 

“sharp” or “bands”, so all this will have to be taken into account while investigating the CR 

energy spectrum. To draw good conclusions it is helpful that more data is provided. This and 

more precise energy assignments are also needed to make a final decision on the correctness 

of the GZK cutoff which is, until now, believed to exist.  

So although after about 100 years the research on cosmic rays has greatly developed there 

is still the demand that the research on cosmic rays must go on. 
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VII  Appendices 
Here is a list of appendices that prove the correctness of certain equations or the equivalence 

of certain equations in this work. 

 

VII.1 Appendix to equation (II.1.5) 

We are going to show that equation (II.1.4)  
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is indeed equal to equation (II.1.5) 
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where ( ) ( )ln 1 ln 1escPγ ε= − − + . 

 

We will do this by proving that the log (short for natural logarithm) of the numerators in both 

equations are the same, so schematically we are showing: ln((II.1.4)) = ln((II.1.5)). 

 

The log of the numerator in (II.1.4) is equal to 
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The log of the numerator in (II.1.5) is equal to  
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So from (VII.1.1) and (VII.1.2) we conclude that indeed the logs of the numerators in (II.1.4) 

and (II.1.5) are the equal, so the expressions in equations (II.1.4) and (II.1.5) are also equal. 

So we have proven that equation (II.1.4) can indeed be rewritten as is done in equation 

(II.1.5). 

                   □ 
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VII.2 Notation for chapter IV 

In chapter IV we denote the rest mass simply by m, so Einstein’s famous equation that 

relates energy and mass becomes 

 
2 ,E mcγ=                                    (VII.2.1) 

 

where E is the energy of a particle with rest mass m, 
2

21 1 v

c
γ ≡ −

�

 and c stands for the speed 

of light in vacuum. We will set the speed of light c equal to 1, as it is done usually in the 

literature. 

The four-vectors that are used in general relativity are defined differently in different 

books. Often there is a change in minus signs which depends on the choice of the Minkowski 

metric. In this work we define the Minkowski metric to be 

 

1 0 0 0

0 1 0 0
,

0 0 1 0
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gµν

 
 − =
 −
 

− 

                         (VII.2.2) 

 

its inverse is denoted by g µν , but gµν  is its own inverse so we have the equality g gµν
µν = . 

The four position vector is simply written down as x (sometimes with an index 0...3µ = ) and 

it is defined as  

 

( , ),x t xµ =
�

                                   (VII.2.3) 

 

where t is the time and x
�

 the position vector, the magnitude of x
�

 is written down as x
�

, not 

as x anymore because this would be confusing since it already stands for the four vector. The 

four momentum is written down as p and it is defined as  

 

( , ),p E pµ =
�

                                   (VII.2.4) 

 

where E is the energy of the particle and p
�

 the momentum of the particle. The inner product 

becomes  

 
2 2 2;p p p g p p p p E pµν µ

ν µ µ= ⋅ = = = −
�

                               (VII.2.5) 

 

the first two equalities are only included to show the different notations that are used in the 

literature and in chapter IV. Note also that using the definition of the space time interval 
2d g dx dxµ ν

µντ ≡  we get after some rewriting (and using the fact that /p mdx dµ µ τ≡  with τ 

being the proper time) the equality 2 2m p= :
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Using (VII.2.5) we see that this gives us the well known equation: 

 
2 2 2 2.p E p m= − =

�
                                          (VII.2.7) 

 

If we want to get a numerical value for a quantity in (VII.2.7) we have to insert the right 

power of c so that we get the right dimensions. Equation (VII.2.7) would then become 
2 2 2 2 2 4.p E c p m c= − =

�
 For a particle with rest mass 0m =  we get the equality E c p=

�
. 

Gravitation also works on these particles, this is easily seen if we invoke (VII.2.1): a mass 

less particle has a relativistic mass mγ  given by 2/m E cγ = . Here we have combined 

equations (VII.2.1) and (VII.2.7), assuming that they are equivalent, this is proved in 

appendix VII.3. 

The definition of the momentum 3-vector is  

 

.p mvγ=
� �

                                                      (VII.2.8) 

 

If we combine this with 2E mcγ=  as in (VII.2.1) we see that 2 /E c p v=
� �

. When we have a 

particle that moves relativistically (this means v c≈
�

) and if we also take : 1c =  we have for 

relativistically moving particles: 

 

.E p≈
�

                                                      (VII.2.9) 

 

We will use this “relativistic equality” a number of times in chapter IV. These facts are shown 

in detail so that the notation that is different throughout the literature will be clear in chapter 

IV.  
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VII.3 Appendix to equations (VII.2.1) and (VII.2.7) 

We will demonstrate that equations (VII.2.1) and (VII.2.7) are equivalent. As a reminder 

we display them again: 

 
2 ,E mcγ=                                    (VII.2.1) 

2 2 2 2 2 4.p E c p m c= − =
�

                                         (VII.2.7) 

 

If we square (VII.2.1)  
2 2 2 4 ,E m cγ=                                  (VII.3.1) 

 

it should be equal to the 2E  in (VII.2.7) which is in rewritten form 

 
2 2 2 2 4.E c p m c= +

�
                                (VII.3.2) 

 

So the question now has become: are equations (VII.3.1) and (VII.3.2) equivalent? Using 

p mvγ=
�

 we can rewrite (VII.3.2) equivalently as  

 
2 2 2 2 4 2 2 2 2 2 2 4.E c p m c E c m v m cγ= + ⇔ = +

� �
                             (VII.3.3) 

 

and getting a factor 2 4m c  to the front leaves us with  
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The definition of 
2
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 permits us to write the right hand side of the equivalence in 

(VII.3.4) as 
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 and with some more simple rewritings it becomes 
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Substituting this equality ( 2 2 4 2E m c γ= ) for the right hand side of the equivalence in (VII.3.4) 

we have the desired equivalence of equations (VII.3.1) and (VII.3.2): 

 
2 2 2 2 4 2 2 4 2.E c p m c E m c γ= + ⇔ =

�
                              (VII.3.5) 

 

So we conclude that also equation (VII.2.1) and (VII.2.7) are equivalent, in other words 

 
2 2 2 2 2 2 4.E mc p E c p m cγ= ⇔ = − =

�
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                   □ 
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Samenvatting / Summary in Dutch 
We worden de hele dag door bekogeld door kleine deeltjes uit de ruimte. Deze worden 

kosmische straling genoemd, hoewel het grotendeels deeltjes zijn; dit komt doordat toen ze 

pas waren ontdekt men dacht dat het alleen straling was en zoals wel vaker gebeurt, heeft men 

vastgehouden aan de oude (verkeerde) naam. In deze scriptie wordt onder andere beschreven 

hoe kosmische straling is ontdekt, waar het precies vandaan komt en hoe het aan zijn energie 

komt. 

In de loop der jaren is er een energie spectrum gemaakt waarin staat aangegeven hoe vaak 

een deeltje met een bepaalde energie de aarde bekogelt. Het is nog steeds niet zeker waar de 

hoogst energetische deeltjes vandaan komen of welk mechanisme hun deze energie geeft. Het 

is interessant om dit te weten te komen, want de energie van zo een hoog energetisch deeltje 

is even groot als de energie die het kost om een gewicht van 5 kg een meter op te tillen. In 

deze scriptie zullen verschillende verklaringen voor het verkrijgen van deze hoge energie 

worden besproken, ook zullen er mechanismen worden besproken die de energie leveren die 

de laag energetische kosmische straling heeft.  

Tot slot is bij het schrijven van deze scriptie een relatie ontdekt tussen neutrino massa’s en 

de drempelwaarde van de energie die een proton nodig heeft om bij een botsing met 

neutrino’s neutronen en leptonen te creëren. Dit geeft aanwijzingen voor dipjes die in het CR 

energie spectrum kunnen worden gezien. 
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I would like to conclude with the words of a psalm
8
: 

 

Psalm 104:24 

O LORD, how manifold are Your works! 

In wisdom You have made them all. 

The earth is full of Your possessions— 

 

                                                 
8
 Scripture taken from the New King James Version. © 1982 by Thomas Nelson, Inc. Used by permission. All 

rights reserved. 
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